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Final BOSS

P?(k) (transverse)

P?(k) (intermediate)

Pk(k) (parallel)

Analytic models

Numerical simulations
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Final BOSS 0.5 < z < 0.75
Grieb et al. (2017)

New LSS analysis methods
State-of-the-art 
models only access 
large-scale 
information.

New surveys 
exacerbate this 
problem.

Model predictions 
based on simulations:

Emulators trained on 
simulations.

Simulation-based 
inference.

Field-level inference.



Evolution mapping: linear P(k)
We can classify cosmological parameters according to their impact on P(k)
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k/(Mpc�1)

Lost when P(k) is expressed  
in Mpc/h units
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Alternative normalizations
The scale R = 12 Mpc is arbitrary. 

Alternative normalizations include:

    - The value s(R) at any scale defined in Mpc.

    - The value of             at any scale     defined in Mpc-1.  

    - The scale Rn at which                   . 

    - The scale Rn at which                    .
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Figure 2. Left panel: linear-theory matter power spectra computed using ���� (Lewis et al. 2000) of the nine cosmologies defined in Table 2 evaluated at the
redshifts at which their values of f12 (I) match the reference values indicated by the labels. As predicted by equation (13), these power spectra are identical. Right
panel: matter power spectra of the same models measured from the Aletheia simulations described in Sec. 3.2 (solid lines) compared against their linear-theory
predictions (dashed lines). The evolution-mapping relation of equation (13) continues to give a good description of the results.

by an independent data set, LSS data can provide precise measure-
ments of the evolution parameters. This di�erence makes CMB and
LSS highly complementary cosmological probes and one of our
most powerful routes to obtain accurate and robust cosmological
constraints.

3 EVOLUTION MAPPING

3.1 Linear evolution of density perturbations

The fact that evolution parameters only change the amplitude of
%L (: |I) means that their e�ect follows a perfect degeneracy, which
can be described by the value of f12 (I). This implies that

%L (: |I,⇥s,⇥e) = %L (: |⇥s,f12 (I,⇥s,⇥e)) . (13)

Once a given set of shape parameters ⇥s has been specified, the
power spectra of all the models defined by di�erent choices of the
evolution parameters ⇥e and I that lead to the same value of f12 are
identical. At the linear level, the time evolution of %L (:) in models
characterized by the same values of the shape parameters ⇥s but
di�erent choices of ⇥e can be mapped from one to the other simply
by relabelling the redshifts that correspond to the same values of f12.
We will therefore refer to equation (13) as the evolution mapping
relation for the power spectrum.

Sánchez (2020) discussed the perfect degeneracy between ⌘ and �s
for a ⇤CDM model, which can be characterized by a constant value
of f12. This is a particular case of the evolution mapping relation of
equation (13). For a general cosmology, ⌘ is a combination of shape
and evolution parameters. However, for a ⇤CDM universe, fixing the
values of the shape parameters lb and lc and varying ⌘ corresponds
to assuming di�erent values of the purely evolution parameter lDE.

Note that the relation of equation (13) is only evident when %L (:)
is expressed in Mpc units instead of the traditional ⌘�1Mpc. This
degeneracy is also lost when the amplitude of %L (:) is described
in terms of f8/⌘ , which depends on the particular value of ⌘. The
fractional density parameters ⌦8 of equation (6) also obscure this

degeneracy as they represent a mixture of shape and evolution pa-
rameters.

As an illustration of the relation of equation (13), we consider a
set of nine cosmological models characterized by the same values of
the shape parameters ⇥s and a wide range of evolution parameters
⇥e. To define these test cosmologies, we use as a reference the
cosmological parameters specified in Table 1, which correspond to
a flat ⇤CDM Universe. Table 2 defines these cosmologies, labelled
as models 0 to 8, which are specified by changing the value of
one parameter of the reference case. While model 0 corresponds to
a flat ⇤CDM universe close to the best-fitting model to the latest
Planck data (although with no contribution from massive neutrinos),
the remaining cases include di�erent values of ⌘ (corresponding to
di�erent values of lDE), a time-independent dark energy equation
of state FDE < �1, dynamical dark energy models with F0 < 0,
a non-flat universe, and an EDE cosmology. The values of �s of
these models were defined to normalize their power spectra to give
f12 = 0.825 at I = 0. With the exception of model 0, these models
were not chosen to represent viable cosmologies to describe our
Universe. They represent extreme cases that deviate significantly
from the ranges of the evolution parameters allowed by present-day
observations.

The upper panel of Fig. 1 shows the redshift at which these test
cosmologies reach a given value of f12. Equation (13) implies that
the linear power spectra of these models will be identical when
evaluated at the redshifts that correspond to the same value of f12.
As an illustration of this relation, we used the five values of f12
specified in the upper part of Table 2, which are indicated by vertical
grey lines in Fig. 1. The redshifts at which the value of f12 (I) for
each model matches these reference values are also listed in Table 2.
As can be seen in the left panel of Fig. 2, when they are evaluated at
these redshifts, the linear-theory power spectra of these models are
indistinguishable.

Although we have focused on the dark matter power spectrum in
real space, a relation equivalent to equation (13) will also be valid
for biased tracers in redshift space. In this case, the power spectrum
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Figure 2. Left panel: linear-theory matter power spectra computed using ���� (Lewis et al. 2000) of the nine cosmologies defined in Table 2 evaluated at the
redshifts at which their values of f12 (I) match the reference values indicated by the labels. As predicted by equation (13), these power spectra are identical. Right
panel: matter power spectra of the same models measured from the Aletheia simulations described in Sec. 3.2 (solid lines) compared against their linear-theory
predictions (dashed lines). The evolution-mapping relation of equation (13) continues to give a good description of the results.

by an independent data set, LSS data can provide precise measure-
ments of the evolution parameters. This di�erence makes CMB and
LSS highly complementary cosmological probes and one of our
most powerful routes to obtain accurate and robust cosmological
constraints.

3 EVOLUTION MAPPING

3.1 Linear evolution of density perturbations

The fact that evolution parameters only change the amplitude of
%L (: |I) means that their e�ect follows a perfect degeneracy, which
can be described by the value of f12 (I). This implies that

%L (: |I,⇥s,⇥e) = %L (: |⇥s,f12 (I,⇥s,⇥e)) . (13)

Once a given set of shape parameters ⇥s has been specified, the
power spectra of all the models defined by di�erent choices of the
evolution parameters ⇥e and I that lead to the same value of f12 are
identical. At the linear level, the time evolution of %L (:) in models
characterized by the same values of the shape parameters ⇥s but
di�erent choices of ⇥e can be mapped from one to the other simply
by relabelling the redshifts that correspond to the same values of f12.
We will therefore refer to equation (13) as the evolution mapping
relation for the power spectrum.

Sánchez (2020) discussed the perfect degeneracy between ⌘ and �s
for a ⇤CDM model, which can be characterized by a constant value
of f12. This is a particular case of the evolution mapping relation of
equation (13). For a general cosmology, ⌘ is a combination of shape
and evolution parameters. However, for a ⇤CDM universe, fixing the
values of the shape parameters lb and lc and varying ⌘ corresponds
to assuming di�erent values of the purely evolution parameter lDE.

Note that the relation of equation (13) is only evident when %L (:)
is expressed in Mpc units instead of the traditional ⌘�1Mpc. This
degeneracy is also lost when the amplitude of %L (:) is described
in terms of f8/⌘ , which depends on the particular value of ⌘. The
fractional density parameters ⌦8 of equation (6) also obscure this

degeneracy as they represent a mixture of shape and evolution pa-
rameters.

As an illustration of the relation of equation (13), we consider a
set of nine cosmological models characterized by the same values of
the shape parameters ⇥s and a wide range of evolution parameters
⇥e. To define these test cosmologies, we use as a reference the
cosmological parameters specified in Table 1, which correspond to
a flat ⇤CDM Universe. Table 2 defines these cosmologies, labelled
as models 0 to 8, which are specified by changing the value of
one parameter of the reference case. While model 0 corresponds to
a flat ⇤CDM universe close to the best-fitting model to the latest
Planck data (although with no contribution from massive neutrinos),
the remaining cases include di�erent values of ⌘ (corresponding to
di�erent values of lDE), a time-independent dark energy equation
of state FDE < �1, dynamical dark energy models with F0 < 0,
a non-flat universe, and an EDE cosmology. The values of �s of
these models were defined to normalize their power spectra to give
f12 = 0.825 at I = 0. With the exception of model 0, these models
were not chosen to represent viable cosmologies to describe our
Universe. They represent extreme cases that deviate significantly
from the ranges of the evolution parameters allowed by present-day
observations.

The upper panel of Fig. 1 shows the redshift at which these test
cosmologies reach a given value of f12. Equation (13) implies that
the linear power spectra of these models will be identical when
evaluated at the redshifts that correspond to the same value of f12.
As an illustration of this relation, we used the five values of f12
specified in the upper part of Table 2, which are indicated by vertical
grey lines in Fig. 1. The redshifts at which the value of f12 (I) for
each model matches these reference values are also listed in Table 2.
As can be seen in the left panel of Fig. 2, when they are evaluated at
these redshifts, the linear-theory power spectra of these models are
indistinguishable.

Although we have focused on the dark matter power spectrum in
real space, a relation equivalent to equation (13) will also be valid
for biased tracers in redshift space. In this case, the power spectrum
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Figure 2. Left panel: linear-theory matter power spectra computed using ���� (Lewis et al. 2000) of the nine cosmologies defined in Table 2 evaluated at the
redshifts at which their values of f12 (I) match the reference values indicated by the labels. As predicted by equation (13), these power spectra are identical. Right
panel: matter power spectra of the same models measured from the Aletheia simulations described in Sec. 3.2 (solid lines) compared against their linear-theory
predictions (dashed lines). The evolution-mapping relation of equation (13) continues to give a good description of the results.

by an independent data set, LSS data can provide precise measure-
ments of the evolution parameters. This di�erence makes CMB and
LSS highly complementary cosmological probes and one of our
most powerful routes to obtain accurate and robust cosmological
constraints.

3 EVOLUTION MAPPING

3.1 Linear evolution of density perturbations

The fact that evolution parameters only change the amplitude of
%L (: |I) means that their e�ect follows a perfect degeneracy, which
can be described by the value of f12 (I). This implies that

%L (: |I,⇥s,⇥e) = %L (: |⇥s,f12 (I,⇥s,⇥e)) . (13)

Once a given set of shape parameters ⇥s has been specified, the
power spectra of all the models defined by di�erent choices of the
evolution parameters ⇥e and I that lead to the same value of f12 are
identical. At the linear level, the time evolution of %L (:) in models
characterized by the same values of the shape parameters ⇥s but
di�erent choices of ⇥e can be mapped from one to the other simply
by relabelling the redshifts that correspond to the same values of f12.
We will therefore refer to equation (13) as the evolution mapping
relation for the power spectrum.

Sánchez (2020) discussed the perfect degeneracy between ⌘ and �s
for a ⇤CDM model, which can be characterized by a constant value
of f12. This is a particular case of the evolution mapping relation of
equation (13). For a general cosmology, ⌘ is a combination of shape
and evolution parameters. However, for a ⇤CDM universe, fixing the
values of the shape parameters lb and lc and varying ⌘ corresponds
to assuming di�erent values of the purely evolution parameter lDE.

Note that the relation of equation (13) is only evident when %L (:)
is expressed in Mpc units instead of the traditional ⌘�1Mpc. This
degeneracy is also lost when the amplitude of %L (:) is described
in terms of f8/⌘ , which depends on the particular value of ⌘. The
fractional density parameters ⌦8 of equation (6) also obscure this

degeneracy as they represent a mixture of shape and evolution pa-
rameters.

As an illustration of the relation of equation (13), we consider a
set of nine cosmological models characterized by the same values of
the shape parameters ⇥s and a wide range of evolution parameters
⇥e. To define these test cosmologies, we use as a reference the
cosmological parameters specified in Table 1, which correspond to
a flat ⇤CDM Universe. Table 2 defines these cosmologies, labelled
as models 0 to 8, which are specified by changing the value of
one parameter of the reference case. While model 0 corresponds to
a flat ⇤CDM universe close to the best-fitting model to the latest
Planck data (although with no contribution from massive neutrinos),
the remaining cases include di�erent values of ⌘ (corresponding to
di�erent values of lDE), a time-independent dark energy equation
of state FDE < �1, dynamical dark energy models with F0 < 0,
a non-flat universe, and an EDE cosmology. The values of �s of
these models were defined to normalize their power spectra to give
f12 = 0.825 at I = 0. With the exception of model 0, these models
were not chosen to represent viable cosmologies to describe our
Universe. They represent extreme cases that deviate significantly
from the ranges of the evolution parameters allowed by present-day
observations.

The upper panel of Fig. 1 shows the redshift at which these test
cosmologies reach a given value of f12. Equation (13) implies that
the linear power spectra of these models will be identical when
evaluated at the redshifts that correspond to the same value of f12.
As an illustration of this relation, we used the five values of f12
specified in the upper part of Table 2, which are indicated by vertical
grey lines in Fig. 1. The redshifts at which the value of f12 (I) for
each model matches these reference values are also listed in Table 2.
As can be seen in the left panel of Fig. 2, when they are evaluated at
these redshifts, the linear-theory power spectra of these models are
indistinguishable.

Although we have focused on the dark matter power spectrum in
real space, a relation equivalent to equation (13) will also be valid
for biased tracers in redshift space. In this case, the power spectrum
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Figure 3. Ratios of the matter power spectra recovered from the di�erent
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in di�erent panels.

will depend on the linear bias parameter, 1(I), and the logarithmic
growth rate 5 (I) = 3 ln ⇡ (I)/3 ln 0, with ⇡ (I) the linear growth
factor and 0 the scale factor of the Universe (Kaiser 1987). At the
linear level, all models characterized by identical shape parameters
and the same values of the parameter combinations 1f12 (I) and
5 f12 (I) will be identical. For this reason, as discussed by Sánchez
(2020), the combination 5 f12 (I) gives a more correct description of
the cosmological information content of the pattern of redshift-space
distortions than the commonly used 5 f8/⌘ (I). We leave the analysis
of the evolution mapping relation in redshift space and its interplay
with the geometric Alcock-Paczynski distortions for future work.

3.2 The non-linear matter power spectrum

Equation (13) provides us with a recipe to map the evolution of
models characterized by identical shape parameters but di�erent
evolution parameters that is exact at the level of linear perturbations.
As we will see in this section, the same mapping can also be applied
with high accuracy in the non-linear regime.

We can use perturbation theory as a tool to describe the evolution
of the matter power spectrum in the non-linear regime. Within the
context of renormalized perturbation theory (RPT; Crocce & Scoc-
cimarro 2006), the non-linear matter power spectrum, %(: |I), can
be written as

%(: |I) = %L (: |I)⌧ (: |I)2 + %MC (: |I), (14)

where the propagator⌧2 (: |I) is obtained by resumming all the terms
in the standard perturbation theory expansion that are proportional to
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the di�erences in the growth of structure histories of
these models, characterized by the values of �68 and �608 , for each reference
value of f12.

the linear power spectrum %L (: |I), and %MC (: |I) contains all mode-
coupling contributions. The first term represents the contribution
to the final %(: |I) coming from the linearly-evolved power at the
same scale : , while the second one describes the contribution from
all other scales in the linear power. The propagator is given by a
nearly Gaussian damping, whose characteristic scale is defined by
an integral over the linear power spectrum. The mode-coupling term
can be expressed as a sum of a series of loop contributions, which
at # loops involve convolutions over # linear power spectra. Hence,
for models with identical %L (: |I), RPT will also lead to the same
predictions for the propagator and mode coupling terms, leading
to indistinguishable non-linear power spectra. In this framework,
equation (13) should also be valid for the non-linear power spectrum.
This also applies to other commonly used recipes to describe the
non-linear power spectrum that depend exclusively on %L (: |I) (e.g.
Taruya et al. 2012; Nishimichi et al. 2017). However, the fundamental
assumption of single-stream flow of common perturbation theory
approaches eventually breaks down due to shell crossings on small
scales. Models with the same %L (: |I) but di�erent structure growth
histories show di�erent non-linear power spectra (Mead 2017). We
can then expect deviations from equation (13) in the deeply non-
linear regime.

To test this in detail, we ran numerical simulations corresponding
to the models listed in Table 2. For each model, we used ������-4
(Springel et al. 2021) to generate two simulations following the fixed-
paired approach to suppress cosmic variance of Angulo & Pontzen
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Figure 3. Ratios of the matter power spectra recovered from the di�erent
Aletheia simulations and the one corresponding to model 0 for each of our
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will depend on the linear bias parameter, 1(I), and the logarithmic
growth rate 5 (I) = 3 ln ⇡ (I)/3 ln 0, with ⇡ (I) the linear growth
factor and 0 the scale factor of the Universe (Kaiser 1987). At the
linear level, all models characterized by identical shape parameters
and the same values of the parameter combinations 1f12 (I) and
5 f12 (I) will be identical. For this reason, as discussed by Sánchez
(2020), the combination 5 f12 (I) gives a more correct description of
the cosmological information content of the pattern of redshift-space
distortions than the commonly used 5 f8/⌘ (I). We leave the analysis
of the evolution mapping relation in redshift space and its interplay
with the geometric Alcock-Paczynski distortions for future work.

3.2 The non-linear matter power spectrum

Equation (13) provides us with a recipe to map the evolution of
models characterized by identical shape parameters but di�erent
evolution parameters that is exact at the level of linear perturbations.
As we will see in this section, the same mapping can also be applied
with high accuracy in the non-linear regime.

We can use perturbation theory as a tool to describe the evolution
of the matter power spectrum in the non-linear regime. Within the
context of renormalized perturbation theory (RPT; Crocce & Scoc-
cimarro 2006), the non-linear matter power spectrum, %(: |I), can
be written as

%(: |I) = %L (: |I)⌧ (: |I)2 + %MC (: |I), (14)

where the propagator⌧2 (: |I) is obtained by resumming all the terms
in the standard perturbation theory expansion that are proportional to
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the di�erences in the growth of structure histories of
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the linear power spectrum %L (: |I), and %MC (: |I) contains all mode-
coupling contributions. The first term represents the contribution
to the final %(: |I) coming from the linearly-evolved power at the
same scale : , while the second one describes the contribution from
all other scales in the linear power. The propagator is given by a
nearly Gaussian damping, whose characteristic scale is defined by
an integral over the linear power spectrum. The mode-coupling term
can be expressed as a sum of a series of loop contributions, which
at # loops involve convolutions over # linear power spectra. Hence,
for models with identical %L (: |I), RPT will also lead to the same
predictions for the propagator and mode coupling terms, leading
to indistinguishable non-linear power spectra. In this framework,
equation (13) should also be valid for the non-linear power spectrum.
This also applies to other commonly used recipes to describe the
non-linear power spectrum that depend exclusively on %L (: |I) (e.g.
Taruya et al. 2012; Nishimichi et al. 2017). However, the fundamental
assumption of single-stream flow of common perturbation theory
approaches eventually breaks down due to shell crossings on small
scales. Models with the same %L (: |I) but di�erent structure growth
histories show di�erent non-linear power spectra (Mead 2017). We
can then expect deviations from equation (13) in the deeply non-
linear regime.

To test this in detail, we ran numerical simulations corresponding
to the models listed in Table 2. For each model, we used ������-4
(Springel et al. 2021) to generate two simulations following the fixed-
paired approach to suppress cosmic variance of Angulo & Pontzen
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will depend on the linear bias parameter, 1(I), and the logarithmic
growth rate 5 (I) = 3 ln ⇡ (I)/3 ln 0, with ⇡ (I) the linear growth
factor and 0 the scale factor of the Universe (Kaiser 1987). At the
linear level, all models characterized by identical shape parameters
and the same values of the parameter combinations 1f12 (I) and
5 f12 (I) will be identical. For this reason, as discussed by Sánchez
(2020), the combination 5 f12 (I) gives a more correct description of
the cosmological information content of the pattern of redshift-space
distortions than the commonly used 5 f8/⌘ (I). We leave the analysis
of the evolution mapping relation in redshift space and its interplay
with the geometric Alcock-Paczynski distortions for future work.

3.2 The non-linear matter power spectrum

Equation (13) provides us with a recipe to map the evolution of
models characterized by identical shape parameters but di�erent
evolution parameters that is exact at the level of linear perturbations.
As we will see in this section, the same mapping can also be applied
with high accuracy in the non-linear regime.

We can use perturbation theory as a tool to describe the evolution
of the matter power spectrum in the non-linear regime. Within the
context of renormalized perturbation theory (RPT; Crocce & Scoc-
cimarro 2006), the non-linear matter power spectrum, %(: |I), can
be written as

%(: |I) = %L (: |I)⌧ (: |I)2 + %MC (: |I), (14)

where the propagator⌧2 (: |I) is obtained by resumming all the terms
in the standard perturbation theory expansion that are proportional to
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the linear power spectrum %L (: |I), and %MC (: |I) contains all mode-
coupling contributions. The first term represents the contribution
to the final %(: |I) coming from the linearly-evolved power at the
same scale : , while the second one describes the contribution from
all other scales in the linear power. The propagator is given by a
nearly Gaussian damping, whose characteristic scale is defined by
an integral over the linear power spectrum. The mode-coupling term
can be expressed as a sum of a series of loop contributions, which
at # loops involve convolutions over # linear power spectra. Hence,
for models with identical %L (: |I), RPT will also lead to the same
predictions for the propagator and mode coupling terms, leading
to indistinguishable non-linear power spectra. In this framework,
equation (13) should also be valid for the non-linear power spectrum.
This also applies to other commonly used recipes to describe the
non-linear power spectrum that depend exclusively on %L (: |I) (e.g.
Taruya et al. 2012; Nishimichi et al. 2017). However, the fundamental
assumption of single-stream flow of common perturbation theory
approaches eventually breaks down due to shell crossings on small
scales. Models with the same %L (: |I) but di�erent structure growth
histories show di�erent non-linear power spectra (Mead 2017). We
can then expect deviations from equation (13) in the deeply non-
linear regime.

To test this in detail, we ran numerical simulations corresponding
to the models listed in Table 2. For each model, we used ������-4
(Springel et al. 2021) to generate two simulations following the fixed-
paired approach to suppress cosmic variance of Angulo & Pontzen
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•Modelling peculiar velocities is essential to analyse redshift-space quantities.

•At the linear level, v and d are linked through the continuity equation.

•Considering            as a time variable

•The rescaled velocities G follow the evolution mapping relation.

The peculiar velocity field
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Figure 2. Left panel: linear-theory matter power spectra computed using ���� (Lewis et al. 2000) of the nine cosmologies defined in Table 2 evaluated at the
redshifts at which their values of f12 (I) match the reference values indicated by the labels. Following the relation of equation (13), these power spectra are
identical. Right panel: matter power spectra of the same models measured from the Aletheia simulations described in Sec. 3.2 (solid lines) compared against
their linear-theory predictions (dashed lines). The evolution-mapping relation of equation (13) continues to give a good description of the results.

related approaches. Assuming that the perturbation theory kernels
are independent of cosmology, which has been shown to be a good
approximation even for non-standard cosmologies (Takahashi 2008;
Taruya 2016; Garny & Taule 2021), SPT implies that the non-linear
%(:) is a function of the linear power that is independent of the cos-
mological parameters (Scoccimarro et al. 1998). As an ilustration of
this behaviour, we can use renormalized perturbation theory (RPT;
Crocce & Scoccimarro 2006), in which the non-linear matter power
spectrum, %(: |I), can be written as

%(: |I) = %L (: |I)⌧ (: |I)2 + %MC (: |I), (14)

where the propagator⌧2 (: |I) is obtained by resumming all the terms
in the standard perturbation theory expansion that are proportional
to the linear power spectrum %L (: |I), and %MC (: |I) contains all
mode-coupling contributions. The first term represents the contribu-
tion to the final %(: |I) coming from the linearly-evolved power at
the same scale : , while the second one describes the contribution
from all other scales in the linear power. The propagator is given
by a nearly Gaussian damping, whose characteristic scale is defined
by an integral over the linear power spectrum. The mode-coupling
term can be expressed as a sum of a series of loop contributions,
which at # loops involve convolutions over # linear power spectra.
Hence, for models with identical %L (: |I), RPT will also lead to the
same predictions for the propagator and mode coupling terms, lead-
ing to indistinguishable non-linear power spectra. This also applies to
other commonly used recipes to describe the non-linear power spec-
trum that depend exclusively on %L (: |I) (e.g. Taruya et al. 2012;
Nishimichi et al. 2017).

Equation (13) provides us with a practical recipe to map the evo-
lution of models characterized by identical shape parameters but
di�erent evolution parameters that is exact at the level of linear per-
turbations. In the context of perturbation theory, the same mapping
would be applicable to the power spectrum in the non-linear regime.
However, the fundamental assumption of single-stream flow of com-
mon perturbation theory approaches eventually breaks down due to
shell crossings on small scales. Models with the same %L (: |I) but

di�erent structure growth histories show di�erent non-linear power
spectra (Mead 2017). Therefore, there will be deviations from equa-
tion (13) in the deeply non-linear regime.

To test this in detail, we ran numerical simulations corresponding
to the models listed in Table 2. For each model, we used ������-4
(Springel et al. 2021) to generate two simulations following the fixed-
paired approach to suppress cosmic variance of Angulo & Pontzen
(2016). Each simulation followed the evolution of 15003 dark mat-
ter particles on a box of side !box = 1492.5 Mpc. The simulations
were started at redshift I = 99 from initial conditions generated with
2LPT�� (Crocce et al. 2006), using the same random phases for all
models. Both 2LPT�� and ������-4 were modified to include di�er-
ent dark energy models. The Plummer-equivalent softening length
was set to 22 kpc, corresponding to 2 per-cent of the mean inter-
particle separation. Each simulation has 5 snapshots chosen to match
the redshifts at which each model reaches the reference values of f12
listed in Table 2. We refer to this set as the Aletheia simulations.

We computed the matter power spectra of each snapshot of all
simulations using the available option in ������-4 and averaged
the measurements from each pair corresponding to the same model.
We focus on wavenumbers : < 1.5 Mpc�1 to avoid scales where
baryonic e�ects, which we are ignoring in our analysis, would have
to be taken into account. The solid lines in the right panel of Fig. 2
show the resulting power spectra, which exhibit clear deviations from
their linear-theory predictions, shown by the black dashed lines. The
evolution mapping relation of equation (13) continues to give a very
good description of the results. Despite the wide range of evolution
parameters covered by these models, their power spectra are in good
agreement when they are evaluated at the redshifts that correspond
to the same values of f12.

As expected, unlike the naive expectation based on perturbation
theory, the relation of equation (13) is not exact in the deeply non-
linear regime. The di�erences between these models can be seen
more clearly in Fig. 3, which shows the ratios of the power spectra of
all models with respect to that of model 0. The di�erences increase
with : , and are larger for higher values of f12. As a reference, the
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Figure 2. Left panel: linear-theory matter power spectra computed using ���� (Lewis et al. 2000) of the nine cosmologies defined in Table 2 evaluated at the
redshifts at which their values of f12 (I) match the reference values indicated by the labels. Following the relation of equation (13), these power spectra are
identical. Right panel: matter power spectra of the same models measured from the Aletheia simulations described in Sec. 3.2 (solid lines) compared against
their linear-theory predictions (dashed lines). The evolution-mapping relation of equation (13) continues to give a good description of the results.

related approaches. Assuming that the perturbation theory kernels
are independent of cosmology, which has been shown to be a good
approximation even for non-standard cosmologies (Takahashi 2008;
Taruya 2016; Garny & Taule 2021), SPT implies that the non-linear
%(:) is a function of the linear power that is independent of the cos-
mological parameters (Scoccimarro et al. 1998). As an ilustration of
this behaviour, we can use renormalized perturbation theory (RPT;
Crocce & Scoccimarro 2006), in which the non-linear matter power
spectrum, %(: |I), can be written as

%(: |I) = %L (: |I)⌧ (: |I)2 + %MC (: |I), (14)

where the propagator⌧2 (: |I) is obtained by resumming all the terms
in the standard perturbation theory expansion that are proportional
to the linear power spectrum %L (: |I), and %MC (: |I) contains all
mode-coupling contributions. The first term represents the contribu-
tion to the final %(: |I) coming from the linearly-evolved power at
the same scale : , while the second one describes the contribution
from all other scales in the linear power. The propagator is given
by a nearly Gaussian damping, whose characteristic scale is defined
by an integral over the linear power spectrum. The mode-coupling
term can be expressed as a sum of a series of loop contributions,
which at # loops involve convolutions over # linear power spectra.
Hence, for models with identical %L (: |I), RPT will also lead to the
same predictions for the propagator and mode coupling terms, lead-
ing to indistinguishable non-linear power spectra. This also applies to
other commonly used recipes to describe the non-linear power spec-
trum that depend exclusively on %L (: |I) (e.g. Taruya et al. 2012;
Nishimichi et al. 2017).

Equation (13) provides us with a practical recipe to map the evo-
lution of models characterized by identical shape parameters but
di�erent evolution parameters that is exact at the level of linear per-
turbations. In the context of perturbation theory, the same mapping
would be applicable to the power spectrum in the non-linear regime.
However, the fundamental assumption of single-stream flow of com-
mon perturbation theory approaches eventually breaks down due to
shell crossings on small scales. Models with the same %L (: |I) but

di�erent structure growth histories show di�erent non-linear power
spectra (Mead 2017). Therefore, there will be deviations from equa-
tion (13) in the deeply non-linear regime.

To test this in detail, we ran numerical simulations corresponding
to the models listed in Table 2. For each model, we used ������-4
(Springel et al. 2021) to generate two simulations following the fixed-
paired approach to suppress cosmic variance of Angulo & Pontzen
(2016). Each simulation followed the evolution of 15003 dark mat-
ter particles on a box of side !box = 1492.5 Mpc. The simulations
were started at redshift I = 99 from initial conditions generated with
2LPT�� (Crocce et al. 2006), using the same random phases for all
models. Both 2LPT�� and ������-4 were modified to include di�er-
ent dark energy models. The Plummer-equivalent softening length
was set to 22 kpc, corresponding to 2 per-cent of the mean inter-
particle separation. Each simulation has 5 snapshots chosen to match
the redshifts at which each model reaches the reference values of f12
listed in Table 2. We refer to this set as the Aletheia simulations.

We computed the matter power spectra of each snapshot of all
simulations using the available option in ������-4 and averaged
the measurements from each pair corresponding to the same model.
We focus on wavenumbers : < 1.5 Mpc�1 to avoid scales where
baryonic e�ects, which we are ignoring in our analysis, would have
to be taken into account. The solid lines in the right panel of Fig. 2
show the resulting power spectra, which exhibit clear deviations from
their linear-theory predictions, shown by the black dashed lines. The
evolution mapping relation of equation (13) continues to give a very
good description of the results. Despite the wide range of evolution
parameters covered by these models, their power spectra are in good
agreement when they are evaluated at the redshifts that correspond
to the same values of f12.

As expected, unlike the naive expectation based on perturbation
theory, the relation of equation (13) is not exact in the deeply non-
linear regime. The di�erences between these models can be seen
more clearly in Fig. 3, which shows the ratios of the power spectra of
all models with respect to that of model 0. The di�erences increase
with : , and are larger for higher values of f12. As a reference, the
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Figure 2. Left panel: linear-theory matter power spectra computed using ���� (Lewis et al. 2000) of the nine cosmologies defined in Table 2 evaluated at the
redshifts at which their values of f12 (I) match the reference values indicated by the labels. Following the relation of equation (13), these power spectra are
identical. Right panel: matter power spectra of the same models measured from the Aletheia simulations described in Sec. 3.2 (solid lines) compared against
their linear-theory predictions (dashed lines). The evolution-mapping relation of equation (13) continues to give a good description of the results.

related approaches. Assuming that the perturbation theory kernels
are independent of cosmology, which has been shown to be a good
approximation even for non-standard cosmologies (Takahashi 2008;
Taruya 2016; Garny & Taule 2021), SPT implies that the non-linear
%(:) is a function of the linear power that is independent of the cos-
mological parameters (Scoccimarro et al. 1998). As an ilustration of
this behaviour, we can use renormalized perturbation theory (RPT;
Crocce & Scoccimarro 2006), in which the non-linear matter power
spectrum, %(: |I), can be written as

%(: |I) = %L (: |I)⌧ (: |I)2 + %MC (: |I), (14)

where the propagator⌧2 (: |I) is obtained by resumming all the terms
in the standard perturbation theory expansion that are proportional
to the linear power spectrum %L (: |I), and %MC (: |I) contains all
mode-coupling contributions. The first term represents the contribu-
tion to the final %(: |I) coming from the linearly-evolved power at
the same scale : , while the second one describes the contribution
from all other scales in the linear power. The propagator is given
by a nearly Gaussian damping, whose characteristic scale is defined
by an integral over the linear power spectrum. The mode-coupling
term can be expressed as a sum of a series of loop contributions,
which at # loops involve convolutions over # linear power spectra.
Hence, for models with identical %L (: |I), RPT will also lead to the
same predictions for the propagator and mode coupling terms, lead-
ing to indistinguishable non-linear power spectra. This also applies to
other commonly used recipes to describe the non-linear power spec-
trum that depend exclusively on %L (: |I) (e.g. Taruya et al. 2012;
Nishimichi et al. 2017).

Equation (13) provides us with a practical recipe to map the evo-
lution of models characterized by identical shape parameters but
di�erent evolution parameters that is exact at the level of linear per-
turbations. In the context of perturbation theory, the same mapping
would be applicable to the power spectrum in the non-linear regime.
However, the fundamental assumption of single-stream flow of com-
mon perturbation theory approaches eventually breaks down due to
shell crossings on small scales. Models with the same %L (: |I) but

di�erent structure growth histories show di�erent non-linear power
spectra (Mead 2017). Therefore, there will be deviations from equa-
tion (13) in the deeply non-linear regime.

To test this in detail, we ran numerical simulations corresponding
to the models listed in Table 2. For each model, we used ������-4
(Springel et al. 2021) to generate two simulations following the fixed-
paired approach to suppress cosmic variance of Angulo & Pontzen
(2016). Each simulation followed the evolution of 15003 dark mat-
ter particles on a box of side !box = 1492.5 Mpc. The simulations
were started at redshift I = 99 from initial conditions generated with
2LPT�� (Crocce et al. 2006), using the same random phases for all
models. Both 2LPT�� and ������-4 were modified to include di�er-
ent dark energy models. The Plummer-equivalent softening length
was set to 22 kpc, corresponding to 2 per-cent of the mean inter-
particle separation. Each simulation has 5 snapshots chosen to match
the redshifts at which each model reaches the reference values of f12
listed in Table 2. We refer to this set as the Aletheia simulations.

We computed the matter power spectra of each snapshot of all
simulations using the available option in ������-4 and averaged
the measurements from each pair corresponding to the same model.
We focus on wavenumbers : < 1.5 Mpc�1 to avoid scales where
baryonic e�ects, which we are ignoring in our analysis, would have
to be taken into account. The solid lines in the right panel of Fig. 2
show the resulting power spectra, which exhibit clear deviations from
their linear-theory predictions, shown by the black dashed lines. The
evolution mapping relation of equation (13) continues to give a very
good description of the results. Despite the wide range of evolution
parameters covered by these models, their power spectra are in good
agreement when they are evaluated at the redshifts that correspond
to the same values of f12.

As expected, unlike the naive expectation based on perturbation
theory, the relation of equation (13) is not exact in the deeply non-
linear regime. The di�erences between these models can be seen
more clearly in Fig. 3, which shows the ratios of the power spectra of
all models with respect to that of model 0. The di�erences increase
with : , and are larger for higher values of f12. As a reference, the
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as

%
�
: |6, 60

�
= %

⇣
: |60, 6

0
0

⌘
+ m%

m6

⇣
: |60, 6

0
0

⌘
(6 � 60)

+ m%

m60
⇣
: |60, 6

0
0

⌘ ⇣
60 � 600

⌘
,

(15)

where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
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caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 2. Ratios of velocity divergence auto-power spectra measured from the Aletheia simulations to that of model 0 (left panel) and to the predictions of
equation (10) (right panel). The different colours correspond to different cosmologies described in Table 2. From bottom to top, the panels show the five snapshots
extracted from the simulations at increasing values of f12. The shaded grey regions show 1 per cent deviations from model 0.

which Fourier-transforms the velocity field, obtains \k in Fourier
space, and uses it to calculate %\ \ (:) and %X\ (:).

Although more accurate methods for estimating the smoothed ve-
locity field exist in the literature, we chose this procedure due to its
computational simplicity. Since we are interested in differences and
ratios between power spectra rather than their absolute values, the
MC-Voronoi method employed in this work is enough to reach solid
conclusions. In particular, we performed preliminary tests compar-
ing our results with the method proposed in Bel et al. (2019), which
employs a Delaunay field estimator and found perfectly compatible
outcomes. We leave a detailed comparison between these different
methods for future work (Esposito et al., in prep).

5 RESULTS

In this section, we present the power spectra estimated with the tech-
nique described in Section 4. Fig. 1 shows the %\ \ (:) and %X\ (:)
estimated from the Aletheia simulations in the left and right panels,
respectively. The solid lines correspond to the results for the cos-
mologies described in Table 2, while the dashed lines indicate the
linear theory predictions. As expected, given that the snapshots of
the different cosmologies correspond to the same values of f12, all
models have the same power spectra at large scales but present some
small deviations at small scales where the evolution mapping relation
becomes approximate. The measurements of %X\ (:) show a steep
drop and a change of sign (which is not visible in the figure) that
correspond to the appearance of vorticity. While the velocity field
has no vorticity at the linear level, it is produced by the non-linear
evolution of the density fluctuations (Pueblas & Scoccimarro 2009;
Hahn et al. 2015). Such vorticity disrupts the cosmic flow and breaks

the tight correlation between the density and velocity fields. Hence,
vorticity causes the cross-power spectrum to drop at the scales when
it becomes important and then change its sign at the scale when shell
crossing happens.

The left panel of Fig. 2 shows the ratios of the measurements of
%\ \ (:) in the different models to the one measured in the reference
⇤CDM cosmology (model 0). The different panels correspond to our
five reference values of f12 increasing from bottom to top and the
colour-coding matches that of Fig. 1. The deviations from model 0
become more significant with increasing f12, corresponding to in-
creasing levels of non-linearities. Going from larger to smaller scales,
we can identify different regimes when comparing the different mod-
els to our reference one: (1) at large linear scales, the %\ \ are almost
undistinguishable because they share the same linear theory power
spectra; (2) going to smaller scales, evolution mapping breaks down,
and the different growth histories cause the power spectra to diverge
from each other in the same direction as the %XX (:) do; (3) with the
appearance of vorticity and as more particles shell-cross, the sign of
the correlation between \ and X changes (Hahn et al. 2015) and thus,
the trend in the deviations between the different models is reverted
and grows in the opposite direction. The maximum deviations in the
range of scales that can be measured from these simulations go from
less than 0.5 per cent at f12 = 0.343 to approximately 5 per cent at
f12 = 0.825. The exception is model 8, which reaches 10 per cent
deviations. This last case corresponds to an EdS cosmology with an
extreme value for ⌘ = 0.378 and thus exhibits much larger deviations
than the other models.

As shown by Sánchez et al. (2022), the differences in the matter
power spectra of these models are related to their different structure-
formation histories, which can be described by the differences in the
growth suppression factors 6(f12) and its derivative 60 (f12). We
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•Deviations from a perfect degeneracy 
follow a similar pattern as            .

•With the appearance of vorticity, the trend 
in the deviations is reverted.

•For each model, the maximum deviations 
are smaller than for            .

•The differences can also be described in 
terms of                 and               .  
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as

%
�
: |6, 60

�
= %

⇣
: |60, 6

0
0

⌘
+ m%

m6

⇣
: |60, 6

0
0

⌘
(6 � 60)

+ m%

m60
⇣
: |60, 6

0
0

⌘ ⇣
60 � 600

⌘
,

(15)

where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
L (:)

caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as
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where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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Figure 3. Ratios of the matter power spectra recovered from the different
Aletheia simulations and the one corresponding to model 0 for each of our
reference values of f12 in different panels.

grey shaded areas shown in all panels correspond to a 1 per-cent
difference. These differences with the power spectrum of model 0
remain at the sub-percent level for f12 � 0.499. The maximum
differences are seen at f12 = 0.825, corresponding to I = 0 in all
models, and can reach an 8 per-cent level at : = 1.5 Mpc�1. Note
also that the models that deviate the most from model 0 are different
at each value of f12. For example, while models 1 and 2 exhibit the
most significant deviations for f12 � 0.703, models 7 and 8 show
the largest differences for f12 < 0.611. Despite these differences, the
power spectra ratios show no leftover from the signature of baryon
acoustic oscillations, indicating that the damping of this signal with
respect to the linear-theory prediction is the same in all cosmolo-
gies. Appendix A presents a comparison of these results with the
predictions of available recipes to model the non-linear %(: |I).

Previous analyses (McDonald et al. 2006; Ma 2007; Mead 2017)
have studied the differences in the non-linear power spectrum be-
tween cosmological models characterized by the same %L (: |I = 0)
but different growth of structure histories. Focusing on ⇤CDM cos-
mologies and models with FDE < �1 and identical values of ⌘,
these studies have found that their non-linear power spectra at I = 0
are also approximately the same in the mildly non-linear regime but
differ at smaller scales. Our results extend those findings to general
cosmologies characterized by the same shape parameters and any
choice of evolution parameters, as long as they are compared at the
redshifts at which their values of f12 (I) are identical. This is also
valid for cosmologies with different values of ⌘ as long as the power
spectra are expressed in Mpc units.

Already in the recipe of Peacock & Dodds (1994) the deviations
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Figure 4. Ratios of the matter power spectra recovered from model 8 of the
Aletheia simulations and the ones predicted using equation (15) based on the
results of model 0 and the differences in the growth of structure histories of
these models, characterized by the values of ��� and ��0� , for each reference
value of f12.

between the non-linear power spectra of models with identical �2
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caused by their different structure formation histories are described
in terms of the suppression factor 6(0) = ⇡ (0)/0. The lower panel of
Fig. 1 shows the differences in the suppression factors 6(0) between
the different Aletheia cosmologies and that of model 0, expressed
as a function of the corresponding value of f12. These differences
show a similar structure to the deviations between the non-linear
power spectra shown in Fig. 3. For each of our reference values of
f12, the models with the largest differences �6(f12) are the ones
for which %(:) exhibits the largest deviations from that of model 0.
With this in mind, we tested a simple ansatz to describe the residuals
with respect to the evolution mapping relation of equation (13) in
terms of 6(f12) and 60(f12) = �6(f12)/�f12 as

%
�
: |6, 60

�
= %

⇣
: |60, 6

0
0

⌘
+ m%

m6

⇣
: |60, 6

0
0

⌘
(6 � 60)

+ m%

m60
⇣
: |60, 6

0
0

⌘ ⇣
60 � 600

⌘
,

(15)

where for simplicity we omitted the dependency on �s and f12,
which are kept fixed in all terms. To test this ansatz on the Aletheia
simulations, we used model 0 as a reference and inferred the deriva-
tives with respect to 6 and 60 using the power spectra of models 1 and
7. We then used these results in equation (15) to compute predictions
for the non-linear power spectra of all other models. Fig. (4) shows
the ratios of the matter power spectra of all Aletheia simulations and
their predictions based on equation (15). By construction, this rela-
tion gives a perfect match to the power spectra of models 0, 1, and
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<latexit sha1_base64="MKLg0nZgRpufptAUUFLcEQ+PsB8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5CUovZQKHjxWMHWQhvCZrtpl+5uwu5GCKH+FS8eFPHqD/Hmv3Hb5qCtDwYe780wMy9MGFXadb+t0sbm1vZOebeyt39weGQfn/RUnEpMujhmseyHSBFGBelqqhnpJ5IgHjLyEE5v5v7DI5GKxuJeZwnxORoLGlGMtJECuzpUdMxRkHv1GWxB12k0m4Fdcx13AbhOvILUQIFOYH8NRzFOOREaM6TUwHMT7edIaooZmVWGqSIJwlM0JgNDBeJE+fni+Bk8N8oIRrE0JTRcqL8ncsSVynhoOjnSE7XqzcX/vEGqo2s/pyJJNRF4uShKGdQxnCcBR1QSrFlmCMKSmlshniCJsDZ5VUwI3urL66RXd7xLp3HXqLVbRRxlcArOwAXwwBVog1vQAV2AQQaewSt4s56sF+vd+li2lqxipgr+wPr8ARJGkxU=</latexit>

�12 = 0.499

<latexit sha1_base64="QYqn6o2kzHFh11Sz2AGbdgZUluE=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5C0Rb0UCl48VrC10Iaw2W7apbubsLsRQqh/xYsHRbz6Q7z5b9y2OWjrg4HHezPMzAsTRpV23W+rtLG5tb1T3q3s7R8cHtnHJz0VpxKTLo5ZLPshUoRRQbqaakb6iSSIh4w8hNObuf/wSKSisbjXWUJ8jsaCRhQjbaTArg4VHXMU5F59BlvQdRrNRmDXXMddAK4TryA1UKAT2F/DUYxTToTGDCk18NxE+zmSmmJGZpVhqkiC8BSNycBQgThRfr44fgbPjTKCUSxNCQ0X6u+JHHGlMh6aTo70RK16c/E/b5Dq6NrPqUhSTQReLopSBnUM50nAEZUEa5YZgrCk5laIJ0girE1eFROCt/ryOunVHe/Sad41a+1WEUcZnIIzcAE8cAXa4BZ0QBdgkIFn8ArerCfrxXq3PpatJauYqYI/sD5/AAAPkwk=</latexit>

�12 = 0.343

Figure 2. Ratios of velocity divergence auto-power spectra measured from the Aletheia simulations to that of model 0 (left panel) and to the predictions of
equation (10) (right panel). The different colours correspond to different cosmologies described in Table 2. From bottom to top, the panels show the five snapshots
extracted from the simulations at increasing values of f12. The shaded grey regions show 1 per cent deviations from model 0.

which Fourier-transforms the velocity field, obtains \k in Fourier
space, and uses it to calculate %\ \ (:) and %X\ (:).

Although more accurate methods for estimating the smoothed ve-
locity field exist in the literature, we chose this procedure due to its
computational simplicity. Since we are interested in differences and
ratios between power spectra rather than their absolute values, the
MC-Voronoi method employed in this work is enough to reach solid
conclusions. In particular, we performed preliminary tests compar-
ing our results with the method proposed in Bel et al. (2019), which
employs a Delaunay field estimator and found perfectly compatible
outcomes. We leave a detailed comparison between these different
methods for future work (Esposito et al., in prep).

5 RESULTS

In this section, we present the power spectra estimated with the tech-
nique described in Section 4. Fig. 1 shows the %\ \ (:) and %X\ (:)
estimated from the Aletheia simulations in the left and right panels,
respectively. The solid lines correspond to the results for the cos-
mologies described in Table 2, while the dashed lines indicate the
linear theory predictions. As expected, given that the snapshots of
the different cosmologies correspond to the same values of f12, all
models have the same power spectra at large scales but present some
small deviations at small scales where the evolution mapping relation
becomes approximate. The measurements of %X\ (:) show a steep
drop and a change of sign (which is not visible in the figure) that
correspond to the appearance of vorticity. While the velocity field
has no vorticity at the linear level, it is produced by the non-linear
evolution of the density fluctuations (Pueblas & Scoccimarro 2009;
Hahn et al. 2015). Such vorticity disrupts the cosmic flow and breaks

the tight correlation between the density and velocity fields. Hence,
vorticity causes the cross-power spectrum to drop at the scales when
it becomes important and then change its sign at the scale when shell
crossing happens.

The left panel of Fig. 2 shows the ratios of the measurements of
%\ \ (:) in the different models to the one measured in the reference
⇤CDM cosmology (model 0). The different panels correspond to our
five reference values of f12 increasing from bottom to top and the
colour-coding matches that of Fig. 1. The deviations from model 0
become more significant with increasing f12, corresponding to in-
creasing levels of non-linearities. Going from larger to smaller scales,
we can identify different regimes when comparing the different mod-
els to our reference one: (1) at large linear scales, the %\ \ are almost
undistinguishable because they share the same linear theory power
spectra; (2) going to smaller scales, evolution mapping breaks down,
and the different growth histories cause the power spectra to diverge
from each other in the same direction as the %XX (:) do; (3) with the
appearance of vorticity and as more particles shell-cross, the sign of
the correlation between \ and X changes (Hahn et al. 2015) and thus,
the trend in the deviations between the different models is reverted
and grows in the opposite direction. The maximum deviations in the
range of scales that can be measured from these simulations go from
less than 0.5 per cent at f12 = 0.343 to approximately 5 per cent at
f12 = 0.825. The exception is model 8, which reaches 10 per cent
deviations. This last case corresponds to an EdS cosmology with an
extreme value for ⌘ = 0.378 and thus exhibits much larger deviations
than the other models.

As shown by Sánchez et al. (2022), the differences in the matter
power spectra of these models are related to their different structure-
formation histories, which can be described by the differences in the
growth suppression factors 6(f12) and its derivative 60 (f12). We
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The peculiar velocity field
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•Evolution mapping describes the full density field. 

•It can be used to describe multiple statistics.

Beyond two-point statistics
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Beyond two-point statistics
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•Evolution mapping describes the full density field. 

•It can be used to describe multiple statistics.



Emulating the non-linear
<latexit sha1_base64="ISWAVeI9QKNfdKG2VEi9LgwWZt4="></latexit>

P (k)

      ALETHEIA

Evolution mapping 
reduces the required 
number of parameters 
to describe P(k|z).                            

Emulator results must 
be corrected by                
 

<latexit sha1_base64="7j2WvCSewxB1i8HNiw4LX4QbJ04=">AAACEnicbVDLSgNBEJz1GeNr1ZN4GQyCp7ArQSWngBePEU0iJEvonZ2YwdnZZaZXDEvwJ/wFr3r3Jl79Aa9+iZPHQaMFDUVVN91dYSqFQc/7dObmFxaXlgsrxdW19Y1Nd2u7aZJMM95giUz0dQiGS6F4AwVKfp1qDnEoeSu8PRv5rTuujUjUFQ5SHsRwo0RPMEArdd3dDvJ7zC8RVAQ6opCmOgHWrw67bskre2PQv8SfkhKZot51vzpRwrKYK2QSjGn7XopBDhoFk3xY7GSGp8Bu4Ya3LVUQcxPk4xeG9MAqEe0l2pZCOlZ/TuQQGzOIQ9sZA/bNrDcS//PaGfZOg1yoNEOu2GRRL5MUEzrKg0ZCc4ZyYAkwLeytlPVBA0Ob2q8tYTws2lD82Qj+kuZR2T8uVy4qpVp1Gk+B7JF9ckh8ckJq5JzUSYMw8kCeyDN5cR6dV+fNeZ+0zjnTmR3yC87HN3hBnj4=</latexit>

Standard approach:
<latexit sha1_base64="Mm14EkhxnNOUoObpbZ7ANag4dfI="></latexit>

⇥ = (!c,!b, ns,�12)

<latexit sha1_base64="rg4Z64Ztz6FW6/QccrpAGpv3MK4="></latexit>

⇥ = (!c,!b, ns,!K ,!DE, w0, wa, . . . )
<latexit sha1_base64="48VOuN4nA4C0sLM1MC2dAKKIKJE="></latexit>

⇥ = (!c,!b, ns,!K ,!DE, w0, wa, . . . )
<latexit sha1_base64="K2r/eiIpkWxuKfZb0E3Hz/bObv8="></latexit>

⇥ = (!c,!b, ns,!K ,!DE, w0, wa, . . . )

<latexit sha1_base64="mGpxVs12kRyGn/kG259Mg5MgNhw=">AAAB/3icdVDLSsNAFJ34rPVVdelmsAiuQhJDW10V3bisYB/QhDKZTtKhM0mYmQgldOEvuNW9O3Hrp7j1S5y0FazogQuHc+7l3nuClFGpLOvDWFldW9/YLG2Vt3d29/YrB4cdmWQCkzZOWCJ6AZKE0Zi0FVWM9FJBEA8Y6Qbj68Lv3hMhaRLfqUlKfI6imIYUI6WlnndFo8jLy4NK1TIvGjXHrUHLtKy67dgFceruuQttrRSoggVag8qnN0xwxkmsMENS9m0rVX6OhKKYkWnZyyRJER6jiPQ1jREn0s9n907hqVaGMEyErljBmfpzIkdcygkPdCdHaiR/e4X4l9fPVNjwcxqnmSIxni8KMwZVAovn4ZAKghWbaIKwoPpWiEdIIKx0REtbAj4tQvn+HP5POo5p10z31q02LxfxlMAxOAFnwAZ10AQ3oAXaAAMGHsETeDYejBfj1Xibt64Yi5kjsATj/QsQY5Zp</latexit>

(
<latexit sha1_base64="F9MeTHxV62+IrkAvX0GeBt8V5r0=">AAAB/3icdVDLSgMxFM34rPVVdekmWARXZVJKH66KblxWsA/oDCWTZtrQJDMkGaEMXfgLbnXvTtz6KW79EjNtBSt64MLhnHu5954g5kwb1/1w1tY3Nre2czv53b39g8PC0XFHR4kitE0iHqlegDXlTNK2YYbTXqwoFgGn3WBynfnde6o0i+SdmcbUF3gkWcgINlbqeVdsNPLS/KBQdEuu6yKEYEZQrepa0mjUy6gOUWZZFMESrUHh0xtGJBFUGsKx1n3kxsZPsTKMcDrLe4mmMSYTPKJ9SyUWVPvp/N4ZPLfKEIaRsiUNnKs/J1IstJ6KwHYKbMb6t5eJf3n9xIR1P2UyTgyVZLEoTDg0Ecyeh0OmKDF8agkmitlbIRljhYmxEa1sCcQsC+X7c/g/6ZRLqFqq3FaKzctlPDlwCs7ABUCgBprgBrRAGxDAwSN4As/Og/PivDpvi9Y1ZzlzAlbgvH8B/HuWXQ==</latexit>

(

<latexit sha1_base64="uLdsMNCpDwN9rMweYf9oF3FzdwA="></latexit>

⇥ = (!c,!b, ns,�12)
<latexit sha1_base64="y5JJs8w51nRtrLaGJitucJ1oqPA="></latexit>

⇥ = (!c,!b, ns,�12)

<latexit sha1_base64="d5qaKOIz7ZSdp3Aoce10Oyl0wMg="></latexit>

⇥ = (!c,!b, ns,!K ,!DE, w0, wa, . . . , z)
<latexit sha1_base64="eLnGbM3d3D0XbVr6IlP3YARg2TQ=">AAACEnicbVDLSgNBEJz1GeMr6km8DAbBU9iVoJJTQASPEcwDkhBmJ5NkyMzsMtMbDMviT/gLXvXuTbz6A179EifJHkxiQUNR1U13lx8KbsB1v52V1bX1jc3MVnZ7Z3dvP3dwWDNBpCmr0kAEuuETwwRXrAocBGuEmhHpC1b3hzcTvz5i2vBAPcA4ZG1J+or3OCVgpU7uuAXsEeLbUSCiiYIlCUOu+qWkk8u7BXcKvEy8lORRikon99PqBjSSTAEVxJim54bQjokGTgVLsq3IsJDQIemzpqWKSGba8fSFBJ9ZpYt7gbalAE/VvxMxkcaMpW87JYGBWfQm4n9eM4LedTvmKoyAKTpb1IsEhgBP8sBdrhkFMbaEUM3trZgOiCYUbGpzW3yZZG0o3mIEy6R2UfAuC8X7Yr5cSuPJoBN0is6Rh65QGd2hCqoiip7QC3pFb86z8+58OJ+z1hUnnTlCc3C+fgHJfZ5w</latexit>

Evolution mapping:

<latexit sha1_base64="zhE1DXRA7/evsnzolbPf2eYvz1s=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYhV0JKlYBGxshgnlAsobZyU0yZPbBzF0xLFv7C7ba24mt32HrlzhJtjCJBy4czrmXczleJIVG2/62ciura+sb+c3C1vbO7l5x/6Chw1hxqPNQhqrlMQ1SBFBHgRJakQLmexKa3uh64jcfQWkRBvc4jsD12SAQfcEZGumhg/CEyW3YA0mdtFss2WV7CrpMnIyUSIZat/jT6YU89iFALpnWbceO0E2YQsElpIVOrCFifMQG0DY0YD5oN5l+ndITo/RoP1RmAqRT9e9Fwnytx75nNn2GQ73oTcT/vHaM/Us3EUEUIwR8FtSPJcWQTiqgPaGAoxwbwrgS5lfKh0wxjqaouRTPTwumFGexgmXSOCs75+XKXaVUvcrqyZMjckxOiUMuSJXckBqpE04UeSGv5M16tt6tD+tztpqzsptDMgfr6xfR3pkI</latexit>

Model 1
<latexit sha1_base64="P6bmI0G1oOfTTUqRJBOYIXrkpUQ=">AAAB/3icdVDLSsNAFJ34rPVVdelmsAiuQhJDUgWh4MZlBfuANpTJdNIOnUnCzEQooQt/wa3u3YlbP8WtX+KkrWBFDwycOede7r0nTBmVyrI+jJXVtfWNzdJWeXtnd2+/cnDYkkkmMGnihCWiEyJJGI1JU1HFSCcVBPGQkXY4vi789j0RkibxnZqkJOBoGNOIYqS01BnBK2iZnt+vVC3zouY5rqf/luXbjl0Qx3fPXWhrpUAVLNDoVz57gwRnnMQKMyRl17ZSFeRIKIoZmZZ7mSQpwmM0JF1NY8SJDPLZvlN4qpUBjBKhX6zgTP3ZkSMu5YSHupIjNZK/vUL8y+tmKqoFOY3TTJEYzwdFGYMqgcXxcEAFwYpNNEFYUL0rxCMkEFY6oqUpIZ+WdSjfl8P/Scsxbc90b91q/XIRTwkcgxNwBmzggzq4AQ3QBBgw8AiewLPxYLwYr8bbvHTFWPQcgSUY719vF5Vj</latexit>

h = 0.67

<latexit sha1_base64="i0h1aIDnSf1OaY4zMST25Juh0sY=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYhd0QVKwCNjZCBJMIyRpmJ3eTIbMPZu6KYdnaX7DV3k5s/Q5bv8TJozCJBy4czrmXczleLIVG2/62ciura+sb+c3C1vbO7l5x/6Cpo0RxaPBIRureYxqkCKGBAiXcxwpY4EloecOrsd96BKVFFN7hKAY3YP1Q+IIzNNJDB+EJ05uoB5JWsm6xZJftCegycWakRGaod4s/nV7EkwBC5JJp3XbsGN2UKRRcQlboJBpixoesD21DQxaAdtPJ1xk9MUqP+pEyEyKdqH8vUhZoPQo8sxkwHOhFbyz+57UT9C/cVIRxghDyaZCfSIoRHVdAe0IBRzkyhHElzK+UD5hiHE1RcylekBVMKc5iBcukWSk7Z+XqbbVUu5zVkydH5JicEoeckxq5JnXSIJwo8kJeyZv1bL1bH9bndDVnzW4OyRysr1/Tc5kJ</latexit>

Model 2
<latexit sha1_base64="3Rg2Sjejpypp1ZIasGHOhVo5Uh0=">AAAB/3icdVDLSgMxFM34rPVVdekmWARXw0ydPhSEghuXFewD2qFk0kwbmmSGJCOUoQt/wa3u3YlbP8WtX2KmrWBFDwROzrmXe+8JYkaVdpwPa2V1bX1jM7eV397Z3dsvHBy2VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g7G15nfvidS0Ujc6UlMfI6GgoYUI22kzgheQccul/uFomNf1Colr2L+jlN1S25GSlXv3IOuUTIUwQKNfuGzN4hwwonQmCGluq4Taz9FUlPMyDTfSxSJER6jIekaKhAnyk9n+07hqVEGMIykeULDmfqzI0VcqQkPTCVHeqR+e5n4l9dNdFjzUyriRBOB54PChEEdwex4OKCSYM0mhiAsqdkV4hGSCGsT0dKUgE/zJpTvy+H/pFWy3Yrt3XrF+uUinhw4BifgDLigCurgBjRAE2DAwCN4As/Wg/VivVpv89IVa9FzBJZgvX8BalqVYA==</latexit>

h = 0.55

<latexit sha1_base64="6zyeKIAHd2Zv0Xm/BbLrjE5nkHE=">AAACA3icdVDLSgNBEJz1bXxFPXoZDIKnsBNCHp4ELx4jGBWSJcxOes3g7IOZXjEse/QXvOrdm3j1Q7z6Jc7GCEa0oKGo6qa7y0+UNOi6787c/MLi0vLKamltfWNzq7y9c2HiVAvoiljF+srnBpSMoIsSFVwlGnjoK7j0b04K//IWtJFxdI7jBLyQX0cykIKjlfp9hDvMzIgnkA/KFbfqui5jjBaENRuuJe12q8ZalBWWRYVM0RmUP/rDWKQhRCgUN6bH3AS9jGuUQkFe6qcGEi5u+DX0LI14CMbLJjfn9MAqQxrE2laEdKL+nMh4aMw49G1nyHFkfnuF+JfXSzFoeZmMkhQhEl+LglRRjGkRAB1KDQLV2BIutLS3UjHimgu0Mc1s8cO8ZEP5/pz+Ty5qVdao1s/qleOjaTwrZI/sk0PCSJMck1PSIV0iSEIeyCN5cu6dZ+fFef1qnXOmM7tkBs7bJ4HnmPk=</latexit>

shape
<latexit sha1_base64="6veBTvWeAKs9+U3HdE/QiujC8uU=">AAACCXicdZDLSsNAFIYn9VbrLerSzWARXIWkhra6KrhxWcGq0JYymZ7o0MmFmZNiCX0CX8Gt7t2JW5/CrU/iRCuo6A8DP985h3PmD1IpNLruq1Wam19YXCovV1ZW19Y37M2tc51kikOHJzJRlwHTIEUMHRQo4TJVwKJAwkUwOi7qF2NQWiTxGU5S6EfsKhah4AwNGth2D+EGcxgnMivIdGBXXeewWa/5deo6rtvwal5hag3/wKeeIYWqZKb2wH7rDROeRRAjl0zrruem2M+ZQsElTCu9TEPK+IhdQdfYmEWg+/nH5VO6Z8iQhokyL0b6Qb9P5CzSehIFpjNieK1/1wr4V62bYdjs5yJOM4SYfy4KM0kxoUUMdCgUcJQTYxhXwtxK+TVTjKMJ68eWIJpWTChfP6f/m/Oa49Ud/9Svto5m8ZTJDtkl+8QjDdIiJ6RNOoSTMbkj9+TBurUerSfr+bO1ZM1mtskPWS/vnhubMg==</latexit>

evolution

<latexit sha1_base64="VLpQr0IybgrSkRJCAkSsgBLLbdA=">AAACBXicdVDLSsNAFJ3UV62vqks3g0VwISEpxdpdwY0boYJ9QBPLZDpph85MwsxEKCFrf8Gt7t2JW7/DrV/itI1gRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJpczv3tPpKKRuNXTmPgcjQQNKUbaSHeu43hnqSc5vI5xNihXHLsxB1yQei0nDRe6tjNHBeRoDcqf3jDCCSdCY4aU6rtOrP0USU0xI1nJSxSJEZ6gEekbKhAnyk/nV2fwxChDGEbSlNBwrv6cSBFXasoD08mRHqvf3kz8y+snOrzwUyriRBOBF4vChEEdwVkEcEglwZpNDUFYUnMrxGMkEdYmqKUtAc9KJpTvz+H/pFO13XO7dlOrNKt5PEVwBI7BKXBBHTTBFWiBNsBAgkfwBJ6tB+vFerXeFq0FK585BEuw3r8AW+iYxA==</latexit>

100Mpc
<latexit sha1_base64="VLpQr0IybgrSkRJCAkSsgBLLbdA=">AAACBXicdVDLSsNAFJ3UV62vqks3g0VwISEpxdpdwY0boYJ9QBPLZDpph85MwsxEKCFrf8Gt7t2JW7/DrV/itI1gRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJpczv3tPpKKRuNXTmPgcjQQNKUbaSHeu43hnqSc5vI5xNihXHLsxB1yQei0nDRe6tjNHBeRoDcqf3jDCCSdCY4aU6rtOrP0USU0xI1nJSxSJEZ6gEekbKhAnyk/nV2fwxChDGEbSlNBwrv6cSBFXasoD08mRHqvf3kz8y+snOrzwUyriRBOBF4vChEEdwVkEcEglwZpNDUFYUnMrxGMkEdYmqKUtAc9KJpTvz+H/pFO13XO7dlOrNKt5PEVwBI7BKXBBHTTBFWiBNsBAgkfwBJ6tB+vFerXeFq0FK585BEuw3r8AW+iYxA==</latexit>

100Mpc
<latexit sha1_base64="VLpQr0IybgrSkRJCAkSsgBLLbdA=">AAACBXicdVDLSsNAFJ3UV62vqks3g0VwISEpxdpdwY0boYJ9QBPLZDpph85MwsxEKCFrf8Gt7t2JW7/DrV/itI1gRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJpczv3tPpKKRuNXTmPgcjQQNKUbaSHeu43hnqSc5vI5xNihXHLsxB1yQei0nDRe6tjNHBeRoDcqf3jDCCSdCY4aU6rtOrP0USU0xI1nJSxSJEZ6gEekbKhAnyk/nV2fwxChDGEbSlNBwrv6cSBFXasoD08mRHqvf3kz8y+snOrzwUyriRBOBF4vChEEdwVkEcEglwZpNDUFYUnMrxGMkEdYmqKUtAc9KJpTvz+H/pFO13XO7dlOrNKt5PEVwBI7BKXBBHTTBFWiBNsBAgkfwBJ6tB+vFerXeFq0FK585BEuw3r8AW+iYxA==</latexit>

100Mpc

<latexit sha1_base64="VLpQr0IybgrSkRJCAkSsgBLLbdA=">AAACBXicdVDLSsNAFJ3UV62vqks3g0VwISEpxdpdwY0boYJ9QBPLZDpph85MwsxEKCFrf8Gt7t2JW7/DrV/itI1gRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJpczv3tPpKKRuNXTmPgcjQQNKUbaSHeu43hnqSc5vI5xNihXHLsxB1yQei0nDRe6tjNHBeRoDcqf3jDCCSdCY4aU6rtOrP0USU0xI1nJSxSJEZ6gEekbKhAnyk/nV2fwxChDGEbSlNBwrv6cSBFXasoD08mRHqvf3kz8y+snOrzwUyriRBOBF4vChEEdwVkEcEglwZpNDUFYUnMrxGMkEdYmqKUtAc9KJpTvz+H/pFO13XO7dlOrNKt5PEVwBI7BKXBBHTTBFWiBNsBAgkfwBJ6tB+vFerXeFq0FK585BEuw3r8AW+iYxA==</latexit>

100Mpc
<latexit sha1_base64="VLpQr0IybgrSkRJCAkSsgBLLbdA=">AAACBXicdVDLSsNAFJ3UV62vqks3g0VwISEpxdpdwY0boYJ9QBPLZDpph85MwsxEKCFrf8Gt7t2JW7/DrV/itI1gRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJpczv3tPpKKRuNXTmPgcjQQNKUbaSHeu43hnqSc5vI5xNihXHLsxB1yQei0nDRe6tjNHBeRoDcqf3jDCCSdCY4aU6rtOrP0USU0xI1nJSxSJEZ6gEekbKhAnyk/nV2fwxChDGEbSlNBwrv6cSBFXasoD08mRHqvf3kz8y+snOrzwUyriRBOBF4vChEEdwVkEcEglwZpNDUFYUnMrxGMkEdYmqKUtAc9KJpTvz+H/pFO13XO7dlOrNKt5PEVwBI7BKXBBHTTBFWiBNsBAgkfwBJ6tB+vFerXeFq0FK585BEuw3r8AW+iYxA==</latexit>

100Mpc
<latexit sha1_base64="VLpQr0IybgrSkRJCAkSsgBLLbdA=">AAACBXicdVDLSsNAFJ3UV62vqks3g0VwISEpxdpdwY0boYJ9QBPLZDpph85MwsxEKCFrf8Gt7t2JW7/DrV/itI1gRQ9cOJxzL/feE8SMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJpczv3tPpKKRuNXTmPgcjQQNKUbaSHeu43hnqSc5vI5xNihXHLsxB1yQei0nDRe6tjNHBeRoDcqf3jDCCSdCY4aU6rtOrP0USU0xI1nJSxSJEZ6gEekbKhAnyk/nV2fwxChDGEbSlNBwrv6cSBFXasoD08mRHqvf3kz8y+snOrzwUyriRBOBF4vChEEdwVkEcEglwZpNDUFYUnMrxGMkEdYmqKUtAc9KJpTvz+H/pFO13XO7dlOrNKt5PEVwBI7BKXBBHTTBFWiBNsBAgkfwBJ6tB+vFerXeFq0FK585BEuw3r8AW+iYxA==</latexit>

100Mpc

<latexit sha1_base64="c0zDzjJ2kU0YhK1v6RaJwA4TfKo=">AAACD3icdZDLSsNAFIYn9VbjLerSzWBRXIWkprZdCAU3LivYCzSlTKaTdujkwsxEKKFv4MZXceNCEbdu3fk2TpsUVPSHgZ/vnMOZ83sxo0Ja1qdWWFldW98obupb2zu7e8b+QVtECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vMnVvN65I1zQKLyV05j0AzQKqU8xkgoNjFNX0FGABqldnsFLaJkVy3X1JaxlzDkfGCXLrC8EM1N1clO3oW1aC5VArubA+HCHEU4CEkrMkBA924plP0VcUszITHcTQWKEJ2hEesqGKCCiny7umcETRYbQj7h6oYQL+n0iRYEQ08BTnQGSY/G7Nod/1XqJ9Gv9lIZxIkmIs0V+wqCM4DwcOKScYMmmyiDMqforxGPEEZYqQl2FsLwU/m/aZdO+MJ0bp9So5HEUwRE4BmfABlXQANegCVoAg3vwCJ7Bi/agPWmv2lvWWtDymUPwQ9r7FwSZmh0=</latexit>

�12 = 0.50

�8 = 0.43

<latexit sha1_base64="x3M3kokv24UWI79dSZ/qx5hzi+I=">AAACD3icdZDLSsNAFIYn9VbjLerSzWBRXIWkVNsuhIIblxXsBZoQJtNpO3RyYWYilNA3cOOruHGhiFu37nwbp0kKKvrDwM93zuHM+f2YUSEt61MrrayurW+UN/Wt7Z3dPWP/oCuihGPSwRGLeN9HgjAako6kkpF+zAkKfEZ6/vRqUe/dES5oFN7KWUzcAI1DOqIYSYU849QRdBwgL7Wrc3gJLbNRdRx9CRs5q9ueUbHMZiaYm3qtME0b2qaVqQIKtT3jwxlGOAlIKDFDQgxsK5ZuirikmJG57iSCxAhP0ZgMlA1RQISbZvfM4YkiQziKuHqhhBn9PpGiQIhZ4KvOAMmJ+F1bwL9qg0SOGm5KwziRJMT5olHCoIzgIhw4pJxgyWbKIMyp+ivEE8QRlipCXYWwvBT+b7pV074waze1Suu8iKMMjsAxOAM2qIMWuAZt0AEY3INH8AxetAftSXvV3vLWklbMHIIf0t6/AA4bmiM=</latexit>

�12 = 0.82

�8 = 0.71

<latexit sha1_base64="ea9HL1x4Q+GwFY5FMbV/1kDvCkI=">AAACD3icdZDLSsNAFIYn9VbjLerSzWBRXIWkVNsuhIIblxXsBZoQJtNJO3RyYWYilNA3cOOruHGhiFu37nwbp2kKKvrDwM93zuHM+f2EUSEt61MrrayurW+UN/Wt7Z3dPWP/oCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uRqXu/dES5oHN3KaULcEI0iGlCMpEKeceoIOgqRl9nVGbyEltmoOo6+hI0l84yKZTZzwYWp1wrTtKFtWrkqoFDbMz6cYYzTkEQSMyTEwLYS6WaIS4oZmelOKkiC8ASNyEDZCIVEuFl+zwyeKDKEQczViyTM6feJDIVCTENfdYZIjsXv2hz+VRukMmi4GY2SVJIILxYFKYMyhvNw4JBygiWbKoMwp+qvEI8RR1iqCHUVwvJS+L/pVk37wqzd1Cqt8yKOMjgCx+AM2KAOWuAatEEHYHAPHsEzeNEetCftVXtbtJa0YuYQ/JD2/gURJJol</latexit>

�12 = 0.82

�8 = 0.82

<latexit sha1_base64="w63rO2bo8aLWh//dgEr+hl/hHeo=">AAACD3icdZDLSsNAFIYnXmu8RV26GSyKq5CU1rYLoeDGZQV7gSaEyXTSDp1cmJkIJfQN3Pgqblwo4tatO9/GaZqCiv4w8POdczhzfj9hVEjL+tRWVtfWNzZLW/r2zu7evnFw2BVxyjHp4JjFvO8jQRiNSEdSyUg/4QSFPiM9f3I1r/fuCBc0jm7lNCFuiEYRDShGUiHPOHMEHYXIy+zKDF5Cy6xZjqMvYWPJPKNsmc1ccGHq1cI0bWibVq4yKNT2jA9nGOM0JJHEDAkxsK1EuhnikmJGZrqTCpIgPEEjMlA2QiERbpbfM4OnigxhEHP1Iglz+n0iQ6EQ09BXnSGSY/G7Nod/1QapDBpuRqMklSTCi0VByqCM4TwcOKScYMmmyiDMqforxGPEEZYqQl2FsLwU/m+6FdO+MKs31XKrVsRRAsfgBJwDG9RBC1yDNugADO7BI3gGL9qD9qS9am+L1hWtmDkCP6S9fwEBkpob</latexit>

�12 = 0.50

�8 = 0.50

<latexit sha1_base64="Ebc2NCLCD3v/bvZgGTV+FmidAOE=">AAACD3icdZDLSsNAFIYn9VbjLerSzWBRXIWk1l4WQsGNywr2Ak0ok+m0HTqZhJmJUELfwI2v4saFIm7duvNtnDYtqOgPAz/fOYcz5w9iRqVynE8jt7K6tr6R3zS3tnd296z9g5aMEoFJE0csEp0AScIoJ01FFSOdWBAUBoy0g/HVrN6+I0LSiN+qSUz8EA05HVCMlEY969STdBiiXuoWp/ASOva543nmElYzViz3rIJj1+aCmamUFqbmQtd25iqAhRo968PrRzgJCVeYISm7rhMrP0VCUczI1PQSSWKEx2hIutpyFBLpp/N7pvBEkz4cREI/ruCcfp9IUSjlJAx0Z4jUSP6uzeBftW6iBlU/pTxOFOE4WzRIGFQRnIUD+1QQrNhEG4QF1X+FeIQEwkpHaOoQlpfC/02raLtlu3RTKtQvFnHkwRE4BmfABRVQB9egAZoAg3vwCJ7Bi/FgPBmvxlvWmjMWM4fgh4z3LwLpmhw=</latexit>

�12 = 0.30

�8 = 0.26

<latexit sha1_base64="5m/KX3j6Dz0Nb7pqfV7WB4Ee8bA=">AAACD3icdZDLSsNAFIYn9VbjLerSzWBRXIWkVtsuhIIblxVsKzQhTKaTdujkwsxEKKFv4MZXceNCEbdu3fk2TtMUVPSHgZ/vnMOZ8/sJo0Ja1qdWWlpeWV0rr+sbm1vbO8buXlfEKcekg2MW81sfCcJoRDqSSkZuE05Q6DPS88eXs3rvjnBB4+hGThLihmgY0YBiJBXyjGNH0GGIvMyuTuEFtMxTy3H0BWwsmGdULLOZC85NvVaYpg1t08pVAYXanvHhDGKchiSSmCEh+raVSDdDXFLMyFR3UkEShMdoSPrKRigkws3ye6bwSJEBDGKuXiRhTr9PZCgUYhL6qjNEciR+12bwr1o/lUHDzWiUpJJEeL4oSBmUMZyFAweUEyzZRBmEOVV/hXiEOMJSRairEBaXwv9Nt2ra52btulZpnRVxlMEBOAQnwAZ10AJXoA06AIN78AiewYv2oD1pr9rbvLWkFTP74Ie09y/7R5oX</latexit>

�12 = 0.30

�8 = 0.30

<latexit sha1_base64="N9VEkPkTD1iEDZqWmts2LtZFXCg=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tFoNgddyFGG2EgI1lBPMByRH2NnvJkt29Y3dPiCGFf8FWezux9afY+kvcJFdo4oOBx3szzMwLE8608bwvJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VoQ0S81i1Q6wpZ5I2DDOcthNFsQg5bYWjm5nfeqBKs1jem3FCA4EHkkWMYGOl9iO6RmW3ctErljzXmwOtEj8jJchQ7xW/u/2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+b1TdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBRMmk9RQSRaLopQjE6PZ86jPFCWGjy3BRDF7KyJDrDAxNqI/W0IxLdhQ/OUIVkmz7PpVt3JXKdWqWTx5OIFTOAcfLqEGt1CHBhDg8Awv8Oo8OW/Ou/OxaM052cwx/IHz+QMjdpUt</latexit>
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•Evaluation of              takes a few seconds  
-> MCMC analyses require a few days.

•For PT models, evolution mapping is exact.

•For a reference set         , we sample 

•COMET is available as a Python package 
https://pypi.org/project/comet-emu/ 

•New versions adding      (Pezzotta+ in prep.) 
and config. space (Semenaite+ in prep.) 

COMET: Emulating perturbation theory
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Table 2. Emulator parameter space and the supported range of values.

Parameter Min. emulator range Max. emulator range

l1 0.0205 0.02415
l2 0.085 0.155
=B 0.92 1.01

f12 0.2 1.0
5 0.5 1.05

Figure 1. Prediction of f12 as a function of redshift using the Planck 2018
TT,TE,EE+lowE+lensing best-fit cosmological parameters. The blue shaded
band represents a 20 % variation around that prediction, while for comparison
the supported range of values for f12 in our emulator COMET is shown as the
grey shaded area.

as an integral over %! (: |I = 1,⇥s,⇥fixed
e ), but instead we find it is

more e�cient to include an emulator for the former as a function of
only ⇥s. As noted in Sec. 3.2 the finger-of-god damping factor in the
VDG model depends on the velocity dispersion and a computation
similar to that in Eq. (48) shows that it is su�cient to predict the
value of fE (I = 1,⇥s,⇥fixed

e ), which we also emulate as a function
of the shape parameters.

3.3.3 Summary

In summary, we thus require an emulation of the following quantities:

(i) VB,✓ (: |⇥s,f12, 5 ) for ✓ = 0, 2, 4 and each B from Table 1 ,

(ii) %!
⇣
: |I = 1,⇥s,⇥fixed

e

⌘
,

(iii) f12

⇣
I = 1,⇥s,⇥fixed

e

⌘
,

(iv) fE
⇣
I = 1,⇥s,⇥fixed

e

⌘
.

We evaluate the ratios and %! on a range of scales extending from
7 ⇥ 10�4 Mpc�1 to 0.35 Mpc�1, using a total number of 106 points,
chosen such that they provide a dense sampling on scales relevant
for the BAO wiggles.

3.4 Parameter space and training process

3.4.1 Parameter ranges

Our emulator is constructed for a total of five parameters: in addition
to 5 andf12, we consider the three shape parametersl1 ,l2 , and =B .
Each of them is allowed to vary within the ranges given in Table 2,

which for the latter three were chosen to span roughly a 12, 30 and
11f interval around the Planck 2018 best-fit values, respectively.
The growth rate and f12 capture the dependence on redshift and
an arbitrary set of evolution parameters8, and therefore require a
more generous support. Nonetheless, the limits on 5 and f12 impose
restrictions on the range of redshifts for which our emulator can
be used. In case of the growth rate the ranges can accommodate
any redshift for l2 & 0.107, while for the most extreme values
of the allowed shape parameters the lower boundary imposes the
limitation I & 0.1. Tighter restrictions on the supported redshifts
come from the range of f12 and to demonstrate that we compare
them in Fig. 1 against the Planck prediction of f12 as a function of
redshift using the best-fit cosmological parameter values from Planck
Collaboration et al. (2020). When exploring cosmological parameters
using a large-scale structure likelihood function, they will give rise
to values of f12 that are typically close (within ⇠ 10 %) to the Planck
prediction, while the 1-f uncertainty on f12 is of the order 5 % for
constraints from the BOSS galaxy survey (Semenaite et al. 2022). To
account for these uncertainties we plot a 20 % error band around the
Planck prediction in Fig. 1 and expect that any sampled cosmological
parameters will correspond to f12 values falling roughly into that
range. We see that this band leaves the f12 range of our emulator at
a redshift I ⇠ 3, which means that COMET is no longer guaranteed to
provide accurate predictions beyond that redshift.

3.4.2 Generation of training data sets

We generate two separate training sets, one spanning the full param-
eter space intended for the ratios VB,✓ , and another covering only
the shape parameters for the remaining quantities. Both training sets
are built by drawing a number of samples from a Latin Hypercube,
using 1500 and 750 samples, respectively. In order to obtain an op-
timal coverage of the parameter spaces we repeat the sampling step
10,000 times and pick the set which maximises the minimum (Eu-
clidean) distance between any two of its points. We then evaluate all
of the model ingredients using a numerical integrator and starting
from CAMB-generated linear input power spectra. Before training the
emulator we perform one additional pre-processing step, in which
we further reduce the dynamical range of the training data by taking
the logarithm and in which we normalise each component, such that
it has zero mean and unit variance over the full set of samples.

3.4.3 Gaussian process emulation

For the actual emulation step we employ Gaussian Processes (GP),
whose properties are discussed in detail in Rasmussen & Williams
(2006). The crucial ingredient in a GP model is the kernel func-
tion  (x, x0), which describes the covariance between two points
x and x0 of the training set. Due to a lack of knowledge about the
precise functional form of this covariance we generated emulators
with di�erent combinations of commonly used kernel functions in
the literature. After comparing their performance we settled on the
following kernel function

 (x, x0) =  exp (x, x0) +  3/2 (x, x0) , (49)

which is a combination of a squared exponential kernel,

 exp (x, x0) = exp
✓
� A

2

2

◆
, (50)

8 In our current release of COMET we allow to specify values for ⌘, �B , l ,
F0, and F0 .
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Figure 1. Prediction of f12 as a function of redshift using the Planck 2018
TT,TE,EE+lowE+lensing best-fit cosmological parameters. The blue shaded
band represents a 20 % variation around that prediction, while for comparison
the supported range of values for f12 in our emulator COMET is shown as the
grey shaded area.

as an integral over %! (: |I = 1,⇥s,⇥fixed
e ), but instead we find it is

more e�cient to include an emulator for the former as a function of
only ⇥s. As noted in Sec. 3.2 the finger-of-god damping factor in the
VDG model depends on the velocity dispersion and a computation
similar to that in Eq. (48) shows that it is su�cient to predict the
value of fE (I = 1,⇥s,⇥fixed

e ), which we also emulate as a function
of the shape parameters.

3.3.3 Summary

In summary, we thus require an emulation of the following quantities:

(i) VB,✓ (: |⇥s,f12, 5 ) for ✓ = 0, 2, 4 and each B from Table 1 ,
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We evaluate the ratios and %! on a range of scales extending from
7 ⇥ 10�4 Mpc�1 to 0.35 Mpc�1, using a total number of 106 points,
chosen such that they provide a dense sampling on scales relevant
for the BAO wiggles.

3.4 Parameter space and training process

3.4.1 Parameter ranges

Our emulator is constructed for a total of five parameters: in addition
to 5 andf12, we consider the three shape parametersl1 ,l2 , and =B .
Each of them is allowed to vary within the ranges given in Table 2,

which for the latter three were chosen to span roughly a 12, 30 and
11f interval around the Planck 2018 best-fit values, respectively.
The growth rate and f12 capture the dependence on redshift and
an arbitrary set of evolution parameters8, and therefore require a
more generous support. Nonetheless, the limits on 5 and f12 impose
restrictions on the range of redshifts for which our emulator can
be used. In case of the growth rate the ranges can accommodate
any redshift for l2 & 0.107, while for the most extreme values
of the allowed shape parameters the lower boundary imposes the
limitation I & 0.1. Tighter restrictions on the supported redshifts
come from the range of f12 and to demonstrate that we compare
them in Fig. 1 against the Planck prediction of f12 as a function of
redshift using the best-fit cosmological parameter values from Planck
Collaboration et al. (2020). When exploring cosmological parameters
using a large-scale structure likelihood function, they will give rise
to values of f12 that are typically close (within ⇠ 10 %) to the Planck
prediction, while the 1-f uncertainty on f12 is of the order 5 % for
constraints from the BOSS galaxy survey (Semenaite et al. 2022). To
account for these uncertainties we plot a 20 % error band around the
Planck prediction in Fig. 1 and expect that any sampled cosmological
parameters will correspond to f12 values falling roughly into that
range. We see that this band leaves the f12 range of our emulator at
a redshift I ⇠ 3, which means that COMET is no longer guaranteed to
provide accurate predictions beyond that redshift.

3.4.2 Generation of training data sets

We generate two separate training sets, one spanning the full param-
eter space intended for the ratios VB,✓ , and another covering only
the shape parameters for the remaining quantities. Both training sets
are built by drawing a number of samples from a Latin Hypercube,
using 1500 and 750 samples, respectively. In order to obtain an op-
timal coverage of the parameter spaces we repeat the sampling step
10,000 times and pick the set which maximises the minimum (Eu-
clidean) distance between any two of its points. We then evaluate all
of the model ingredients using a numerical integrator and starting
from CAMB-generated linear input power spectra. Before training the
emulator we perform one additional pre-processing step, in which
we further reduce the dynamical range of the training data by taking
the logarithm and in which we normalise each component, such that
it has zero mean and unit variance over the full set of samples.

3.4.3 Gaussian process emulation

For the actual emulation step we employ Gaussian Processes (GP),
whose properties are discussed in detail in Rasmussen & Williams
(2006). The crucial ingredient in a GP model is the kernel func-
tion  (x, x0), which describes the covariance between two points
x and x0 of the training set. Due to a lack of knowledge about the
precise functional form of this covariance we generated emulators
with di�erent combinations of commonly used kernel functions in
the literature. After comparing their performance we settled on the
following kernel function
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Field-level emulation
The computational cost of N-body 
simulations hinders the use of SBI.

CNNs can reproduce full N-body 
simulations based on their linear inputs 
(e.g., He et al. 2018, Jamieson et al. 2023). 

Evolution mapping can help to generalise 
these results.  
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Preliminary!
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•Preliminary results show good performance.

•Currently studying the cosmological dependency of the results
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•Main parameter controling the 
emulator’s performance is           . 

•Testing the impact of different 
structure formation histories.

•Apply to extensions of ΛCDM.

•Preliminary results show good performance.

•Currently studying the cosmological dependency of the results
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•Parameter degeneracies are modified for biased tracers in redshift-space

•For fixed  Ts, models with the same values of  b1s1 and f1s1 are identical.

•The BAO signal provides constraints on                  

•The broad-band shape of                 contains weak information on the shape 
parameters (e.g., ns). 
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“Template” approach: 
- Assume a fixed template cosmology.  
- Differences between data and the template are compressed into:

- Shapefit includes two parameters, m, n, describing the shape of P(k)

<latexit sha1_base64="79OZIhYp9cA3WqI7bGbAxD8olyg="></latexit>

DM(z)/rd, DH(z)/rd, f�8/h(z)

LSS analysis methods
“Full-modelling” approach: 

- Select parameter space to be explored: e.g., ΛCDM, 

- Theoretical predictions directly compared against clustering data.
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Full-modelling LSS analyses
Sánchez et al. (2017)
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BOSS 
0.5 < z < 0.75

•Most LSS studies used full modelling 
(Sánchez+ 2017, Semenaite+ 2022, 2023)

•Focus on accuracy of the constraints: 
analyses used LSS + CMB data.

•Current focus: asses the consistency 
between different data sets. 

•Several BOSS-only analyses (d’Amico+ 
2020, Ivanov+ 2020, Tröster + 2020, …) 
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The correct interpretation of RSD measurements 3

analogous combinations ⇡V (I)/Ad, where

⇡V (I) =
⇣
⇡M (I)2⇡� (I)I

⌘1/3
, (10)

and the Alcock-Paczynski parameter

�AP (I) =
⇡M (I)

/ ⇡� (I). (11)

The indirect approach has been followed by the main cosmological
analyses of the BOSS and eBOSS collaborations (see e.g. ????).

The direct approach is guaranteed to reproduce the full informa-
tion content of the measurements for each parameter space being
explored and is analogous to the treatment of CMB or weak gravita-
tional lensing observations. Combining the clustering measurements
with CMB data, it is possible to obtain constraints on parameters
that are not well determined by LSS data alone in a fully consistent
way. The disadvantage of this approach is that it requires to com-
pute model predictions for multiple points in the parameter space
being considered and that, consequently, the analysis requires more
computing resources and takes longer to run. On the other hand,
the indirect approach exploits the fact that most of the constraining
power of anisotropic clustering measurements is related to the sig-
nature of BAO and RSD and is analogous to the use of the CMB
“distance priors” (???). This analysis is significantly faster, as it only
requires to compute non-linear model predictions for one reference
cosmology. Furthermore, the results derived from the same sample
based on di�erent statistics can be optimally combined into a set of
consensus constraints, which is di�cult to achieve when using the
direct approach as it would require to compute a covariance matrix
corresponding to the full set of measurements. (?).

These two approaches have been considered to be consistent, al-
though no direct demonstration of this assumption has been provided.
Here, we will assess the validity of the indirect approach by compar-
ing it with the results obtained using the direct methodology.

ahora se ha discutido mucho acerca de si son compatibles o no.
citas. decir que sanchez 2020 mostro que el valor de h que se usa en
el template trae problemas. hector trato de solucionar esos problemas
definiendo un fsigma alternativo.

en le section que viene nos vamos a enfocar en esa comparacion.

2.4 Coparison of direct and indirect methods

In this section we focus on the comparison between the direct and
indirect approaches to extract information from LSS measurements.
As a test case, we use the final combined galaxy samples of BOSS,
corresponding to SDSS DR12 (??). In particular, we focus on three
clustering wedges of ?, defined by splitting the ` range from 0 to 1
into three equal-width intervals, b3w (B). For simplicity, we restrict
our analysis to a single redshift bin with 0.5 < I < 0.75, with an
e�ective redshift of Ie� = 0.61. When computing the clustering
measurements, the observed redshifts were converted into comoving
distances using a flat ⇤CDM model with a matter density parameter
⌦m = 0.31 as a fiducial cosmology.

We derive cosmological constraints from these measurements fol-
lowing the same methodology as in ? using the data from BOSS in
isolation, and in combination with the CMB temperature and polar-
ization power spectra from the Planck satellite (?), to which we refer
simply as ‘Planck’. We do not include CMB lensing information.

For this comparison, we focus on two cases qhjjjjjjj ihh
the ⇤CDM parameter space, extended by adding the time-

independent value of FDE as a free parameter. Fig. ?? contains
four panels showing the two-dimensional marginalised constraints
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Figure 1. Constrains in the ⌦m – FDE plane derived from Planck CMB data
alone (blue contours) and its combination with the high-redshift bin of the
BOSS DR12 measurements of ? done according to a direct approach (green
contours) and di�erent versions of the indirect analysis obtained assuming
di�erent values of ⌘ (light-blue, grey, and orange contours).

in the ⌦m – FDE plane derived from Planck CMB data alone (blue
contours) and its combination with the high-redshift BOSS measure-
ments from ? done in di�erent ways. The green contours correspond
to the direct analysis in which models are directly compared against
the clustering data from BOSS. The orange contours show the result
of combining Planck with the values of ⇡M (I)/Ad, � (I) ⇥ Ad, and
5 f8 (I) derived from the same BOSS data using the standard indirect
analysis with a fixed-template.

Although the di�erence is small, it shows that the two approaches
are not equivalent.

el problema son los parametros que estan fijos en el template. h y
los shape parameters no son lo mismo, hay que mirar su efecto por
separado. Eso vamos a hacer en la proxima seccion

A critical assumption of the indirect approach is that the parameters
that define the shape of the linear theory power spectrum are kept
fixed using a reference cosmology. information contained in the full
shape of the clustering measurements is compressed into constraints
on the parameter combinations ⇡M (I)/Ad, � (I) ⇥ Ad and 5 f8 (I)
and their respective covariance matrix.

the direct approach implies a reduction in information of the pa-
rameters that define the shape of the linear %(:). This approach
cannot recover general parameter constraints as it does not include
information on the shape parameters. Critcally, these are also keept
fixed. BAO measurements appear to robust with respect to the as-
sumed parameters (references), but RSD tests show that this is not
the case (references).

We must add that using a basis like this will always lead to a loss of
information as it sacrifices the information on the shape parameters.

This is not a big problem for runs combining LSS measurements
with Planck, which provides accurate constraints on these parame-
ters independent of the parameter space. pero que ademas esta el
problema de fsigma12 vs fsigma12.

MNRAS 000, 1–7 (2020)

Template LSS analyses
•In the standard template analysis,    is 

kept fixed.

•The constraints on                 depend 
on that assumption.

•The correct error on                 should 
be marginalised over   .

•The effect disappears when expressed 
in terms of              .
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The correct interpretation of RSD measurements 3

analogous combinations ⇡V (I)/Ad, where

⇡V (I) =
⇣
⇡M (I)2⇡� (I)I

⌘1/3
, (10)

and the Alcock-Paczynski parameter

�AP (I) =
⇡M (I)

/ ⇡� (I). (11)

The indirect approach has been followed by the main cosmological
analyses of the BOSS and eBOSS collaborations (see e.g. ????).

The direct approach is guaranteed to reproduce the full informa-
tion content of the measurements for each parameter space being
explored and is analogous to the treatment of CMB or weak gravita-
tional lensing observations. Combining the clustering measurements
with CMB data, it is possible to obtain constraints on parameters
that are not well determined by LSS data alone in a fully consistent
way. The disadvantage of this approach is that it requires to com-
pute model predictions for multiple points in the parameter space
being considered and that, consequently, the analysis requires more
computing resources and takes longer to run. On the other hand,
the indirect approach exploits the fact that most of the constraining
power of anisotropic clustering measurements is related to the sig-
nature of BAO and RSD and is analogous to the use of the CMB
“distance priors” (???). This analysis is significantly faster, as it only
requires to compute non-linear model predictions for one reference
cosmology. Furthermore, the results derived from the same sample
based on di�erent statistics can be optimally combined into a set of
consensus constraints, which is di�cult to achieve when using the
direct approach as it would require to compute a covariance matrix
corresponding to the full set of measurements. (?).

These two approaches have been considered to be consistent, al-
though no direct demonstration of this assumption has been provided.
Here, we will assess the validity of the indirect approach by compar-
ing it with the results obtained using the direct methodology.

ahora se ha discutido mucho acerca de si son compatibles o no.
citas. decir que sanchez 2020 mostro que el valor de h que se usa en
el template trae problemas. hector trato de solucionar esos problemas
definiendo un fsigma alternativo.

en le section que viene nos vamos a enfocar en esa comparacion.

2.4 Coparison of direct and indirect methods

In this section we focus on the comparison between the direct and
indirect approaches to extract information from LSS measurements.
As a test case, we use the final combined galaxy samples of BOSS,
corresponding to SDSS DR12 (??). In particular, we focus on three
clustering wedges of ?, defined by splitting the ` range from 0 to 1
into three equal-width intervals, b3w (B). For simplicity, we restrict
our analysis to a single redshift bin with 0.5 < I < 0.75, with an
e�ective redshift of Ie� = 0.61. When computing the clustering
measurements, the observed redshifts were converted into comoving
distances using a flat ⇤CDM model with a matter density parameter
⌦m = 0.31 as a fiducial cosmology.

We derive cosmological constraints from these measurements fol-
lowing the same methodology as in ? using the data from BOSS in
isolation, and in combination with the CMB temperature and polar-
ization power spectra from the Planck satellite (?), to which we refer
simply as ‘Planck’. We do not include CMB lensing information.

For this comparison, we focus on two cases qhjjjjjjj ihh
the ⇤CDM parameter space, extended by adding the time-

independent value of FDE as a free parameter. Fig. ?? contains
four panels showing the two-dimensional marginalised constraints
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Figure 1. Constrains in the ⌦m – FDE plane derived from Planck CMB data
alone (blue contours) and its combination with the high-redshift bin of the
BOSS DR12 measurements of ? done according to a direct approach (green
contours) and di�erent versions of the indirect analysis obtained assuming
di�erent values of ⌘ (light-blue, grey, and orange contours).

in the ⌦m – FDE plane derived from Planck CMB data alone (blue
contours) and its combination with the high-redshift BOSS measure-
ments from ? done in di�erent ways. The green contours correspond
to the direct analysis in which models are directly compared against
the clustering data from BOSS. The orange contours show the result
of combining Planck with the values of ⇡M (I)/Ad, � (I) ⇥ Ad, and
5 f8 (I) derived from the same BOSS data using the standard indirect
analysis with a fixed-template.

Although the di�erence is small, it shows that the two approaches
are not equivalent.

el problema son los parametros que estan fijos en el template. h y
los shape parameters no son lo mismo, hay que mirar su efecto por
separado. Eso vamos a hacer en la proxima seccion

A critical assumption of the indirect approach is that the parameters
that define the shape of the linear theory power spectrum are kept
fixed using a reference cosmology. information contained in the full
shape of the clustering measurements is compressed into constraints
on the parameter combinations ⇡M (I)/Ad, � (I) ⇥ Ad and 5 f8 (I)
and their respective covariance matrix.

the direct approach implies a reduction in information of the pa-
rameters that define the shape of the linear %(:). This approach
cannot recover general parameter constraints as it does not include
information on the shape parameters. Critcally, these are also keept
fixed. BAO measurements appear to robust with respect to the as-
sumed parameters (references), but RSD tests show that this is not
the case (references).

We must add that using a basis like this will always lead to a loss of
information as it sacrifices the information on the shape parameters.

This is not a big problem for runs combining LSS measurements
with Planck, which provides accurate constraints on these parame-
ters independent of the parameter space. pero que ademas esta el
problema de fsigma12 vs fsigma12.

MNRAS 000, 1–7 (2020)
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Template LSS analyses
•In the standard template analysis,    is 

kept fixed.

•The constraints on                 depend 
on that assumption.

•The correct error on                 should 
be marginalised over   .

•The effect disappears when expressed 
in terms of              .
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•This quantity cannot be used as the 
standard                . 

•Interpreting           as           leads to       
<latexit sha1_base64="ndFpFGN/pR/oMDEwKvdE3p70d/g="></latexit>
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<latexit sha1_base64="k5W+WxtlKBZsFjm8A+HLlT3HIUE="></latexit>

�2
8,q =

Z 1

0
dk k2PL (k)W

2(s8qk),

<latexit sha1_base64="m4TUxsawo0inVv/KQma65or4Ucc=">AAACAHicdZDLSgMxGIUzXmu9jbpw4SZYhApSJ6W004VQcCOCUMFeoDOUTJq2oZkLSUYoQ0F8FTcuFHHrY7jzbcy0FVT0QODjnD8k//EizqSyrA9jYXFpeWU1s5Zd39jc2jZ3dpsyjAWhDRLyULQ9LClnAW0opjhtR4Ji3+O05Y3O07x1S4VkYXCjxhF1fTwIWJ8RrLTVNfdl14ZnMG+fDo+dk8QRPryKyCTbNXNWwbIshBBMAVXKloZq1S4iG6I00sqBuepd893phST2aaAIx1J2kBUpN8FCMcLpJOvEkkaYjPCAdjQG2KfSTaYLTOCRdnqwHwp9AgWn7vcbCfalHPuenvSxGsrfWWr+lXVi1bfdhAVRrGhAZg/1Yw5VCNM2YI8JShQfa8BEMP1XSIZYYKJ0Z2kJX5vC/6FZLKByoXRdytUu72Z1ZMABOAR5gEAF1MAFqIMGIGACHsATeDbujUfjxXidjS4Y8wr3wA8Zb5+xkZUE</latexit>

s8 = (8/h)Mpc
<latexit sha1_base64="qYzoPxR5+8Qk9xrBsrhArNWcfFI=">AAACBHicdZBJS0MxFIXz6lTrVHXZTbAIrspLLR0WQsGNuKpgB+hEXnrbhuYNTfKEUgq68a+4caGIW3+EO/+NeW0FFT0Q+DjnhuQeJxBcadv+sGIrq2vrG/HNxNb2zu5ecv+gpvxQMqgyX/iy4VAFgntQ1VwLaAQSqOsIqDuj8yiv34BU3Peu9SSAtksHHu9zRrWxusnUuHOKz/C42wpABp1sBFRSIUAkusm0nbFtmxCCIyCFvG2gVCpmSRGTKDJKo6Uq3eR7q+ez0AVPM0GVahI70O0plZozAbNEK1QQUDaiA2ga9KgLqj2dLzHDx8bp4b4vzfE0nrvfb0ypq9TEdcykS/VQ/c4i86+sGep+sT3lXhBq8NjioX4osPZx1AjucQlMi4kByiQ3f8VsaDpg2vQWlfC1Kf4fatkMyWdyV7l0+fJ2UUccpdAROkEEFVAZXaAKqiKG7tADekLP1r31aL1Yr4vRmLWs8BD9kPX2CbDTl/U=</latexit>

q3 = q2?qk

<latexit sha1_base64="Qzyg46o5BicpAN72mMn/KQNIHek=">AAAB9XicdZDLSgMxGIUz9VbrrerSTbAILqQkpbTTXcGNuKpgL9DWkkkzbWgmMyYZpQwFH8ONC0Xc+i7ufBszrYKKHgh8nPOH/DleJLg2CL07maXlldW17HpuY3Nreye/u9fSYawoa9JQhKrjEc0El6xpuBGsEylGAk+wtjc5TfP2DVOah/LSTCPWD8hIcp9TYqx15fc0HwVkkLgn17PcIF9ARYQQxhimgKsVZKFWc0vYhTiNrArgU41B/q03DGkcMGmoIFp3MYpMPyHKcCrYLNeLNYsInZAR61qUJGC6n8y3nsEj6wyhHyp7pIFz9/uNhARaTwPPTgbEjPXvLDX/yrqx8d1+wmUUGybp4iE/FtCEMK0ADrli1IipBUIVt7tCOiaKUGOLSkv4+in8H1qlIq4UyxflQv38blFHFhyAQ3AMMKiCOjgDDdAEFChwDx7Bk3PrPDjPzstiNON8VrgPfsh5/QBOqpLW</latexit>

f�8,q

w

<latexit sha1_base64="Qzyg46o5BicpAN72mMn/KQNIHek=">AAAB9XicdZDLSgMxGIUz9VbrrerSTbAILqQkpbTTXcGNuKpgL9DWkkkzbWgmMyYZpQwFH8ONC0Xc+i7ufBszrYKKHgh8nPOH/DleJLg2CL07maXlldW17HpuY3Nreye/u9fSYawoa9JQhKrjEc0El6xpuBGsEylGAk+wtjc5TfP2DVOah/LSTCPWD8hIcp9TYqx15fc0HwVkkLgn17PcIF9ARYQQxhimgKsVZKFWc0vYhTiNrArgU41B/q03DGkcMGmoIFp3MYpMPyHKcCrYLNeLNYsInZAR61qUJGC6n8y3nsEj6wyhHyp7pIFz9/uNhARaTwPPTgbEjPXvLDX/yrqx8d1+wmUUGybp4iE/FtCEMK0ADrli1IipBUIVt7tCOiaKUGOLSkv4+in8H1qlIq4UyxflQv38blFHFhyAQ3AMMKiCOjgDDdAEFChwDx7Bk3PrPDjPzstiNON8VrgPfsh5/QBOqpLW</latexit>

f�8,q

<latexit sha1_base64="THtQg/SIShNyXXqPzOlz+w81/ao=">AAAB+XicdZDLSgMxGIUzXmu9jbp0EyxC3dSZ2mq7K7gRVxXsBdphyKSZNjTJDEmmUIeCD+LGhSJufRN3vo3pRVDRA4HDOX/Iny+IGVXacT6speWV1bX1zEZ2c2t7Z9fe22+qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQwvp31rRKSikbjV45h4HPUFDSlG2kS+bYddRfsc+WnldDDJ3534ds4pOOWi45ahMTMZU61Uz0pl6C6SHFio7tvv3V6EE06Exgwp1XGdWHspkppiRibZbqJIjPAQ9UnHWIE4UV4623wCj03Sg2EkzREaztLvN1LElRrzwExypAfqdzcN/+o6iQ4rXkpFnGgi8PyhMGFQR3CKAfaoJFizsTEIS2p2hXiAJMLawMoaCF8/hf+bZrHgnhdKN6Vc7fp+jiMDDsERyAMXXIAauAJ10AAYjMADeALPVmo9Wi/W63x0yVogPAA/ZL19AjK/k9M=</latexit>

f�8/h(z)

<latexit sha1_base64="THtQg/SIShNyXXqPzOlz+w81/ao=">AAAB+XicdZDLSgMxGIUzXmu9jbp0EyxC3dSZ2mq7K7gRVxXsBdphyKSZNjTJDEmmUIeCD+LGhSJufRN3vo3pRVDRA4HDOX/Iny+IGVXacT6speWV1bX1zEZ2c2t7Z9fe22+qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQwvp31rRKSikbjV45h4HPUFDSlG2kS+bYddRfsc+WnldDDJ3534ds4pOOWi45ahMTMZU61Uz0pl6C6SHFio7tvv3V6EE06Exgwp1XGdWHspkppiRibZbqJIjPAQ9UnHWIE4UV4623wCj03Sg2EkzREaztLvN1LElRrzwExypAfqdzcN/+o6iQ4rXkpFnGgi8PyhMGFQR3CKAfaoJFizsTEIS2p2hXiAJMLawMoaCF8/hf+bZrHgnhdKN6Vc7fp+jiMDDsERyAMXXIAauAJ10AAYjMADeALPVmo9Wi/W63x0yVogPAA/ZL19AjK/k9M=</latexit>

f�8/h(z)



•Brieden+ (2021, SHAPEFIT) proposed to 
use instead 

•A scale proportional to rd means 
using a reference scale in Mpc.

•Multiple analyses still quote their 
results in terms of                . 

Template LSS analyses
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<latexit sha1_base64="THtQg/SIShNyXXqPzOlz+w81/ao=">AAAB+XicdZDLSgMxGIUzXmu9jbp0EyxC3dSZ2mq7K7gRVxXsBdphyKSZNjTJDEmmUIeCD+LGhSJufRN3vo3pRVDRA4HDOX/Iny+IGVXacT6speWV1bX1zEZ2c2t7Z9fe22+qKJGYNHDEItkOkCKMCtLQVDPSjiVBPGCkFQwvp31rRKSikbjV45h4HPUFDSlG2kS+bYddRfsc+WnldDDJ3534ds4pOOWi45ahMTMZU61Uz0pl6C6SHFio7tvv3V6EE06Exgwp1XGdWHspkppiRibZbqJIjPAQ9UnHWIE4UV4623wCj03Sg2EkzREaztLvN1LElRrzwExypAfqdzcN/+o6iQ4rXkpFnGgi8PyhMGFQR3CKAfaoJFizsTEIS2p2hXiAJMLawMoaCF8/hf+bZrHgnhdKN6Vc7fp+jiMDDsERyAMXXIAauAJ10AAYjMADeALPVmo9Wi/W63x0yVogPAA/ZL19AjK/k9M=</latexit>

f�8/h(z)

<latexit sha1_base64="95Hbq7zgCgJX6dmlvtJUE8zKKBU="></latexit>

sd =
rd

rd,fid
(8/h)Mpc

<latexit sha1_base64="CKrOwLIEFay+LfyQXVrIkulOK+g=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4KpOifewKbsRVBfvAdiiZTKYNTTJDkhHKUPAj3LhQxK1/486/MdNWUNEDFw7n3Mu99/gxZ9q47oeTW1ldW9/Ibxa2tnd294r7Bx0dJYrQNol4pHo+1pQzSduGGU57saJY+Jx2/clF5nfvqNIskjdmGlNP4JFkISPYWOlWDdOBEjCYFYbFklt2XRchBDOCalXXkkajXkF1iDLLogSWaA2L74MgIomg0hCOte4jNzZeipVhhNNZYZBoGmMywSPat1RiQbWXzi+ewROrBDCMlC1p4Fz9PpFiofVU+LZTYDPWv71M/MvrJyaseymTcWKoJItFYcKhiWD2PgyYosTwqSWYKGZvhWSMFSbGhpSF8PUp/J90KmVULZ9fn5WaV/eLOPLgCByDU4BADTTBJWiBNiBAggfwBJ4d7Tw6L87rojXnLCM8BD/gvH0CcQaROA==</latexit>rd
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Final remarks
•Evolution mapping: we classify parameters into Shape and evolution 

based on their impact on       P(k). 

•At the linear level,      follow a perfect degeneracy, described by      . 

•This is partially inherited by the non-linear density field, with deviations 
sensitive to the suppression g                       . 

•We are using evolution mapping to build new descriptions of the non-
linear matter density field.

•This approach can help us to better understand the information content of 
all clustering measurements.

<latexit sha1_base64="pG2vMQR+nbKmFnTO+06cSSPAk3g="></latexit>

�12(z)

<latexit sha1_base64="/G71eaNmij6LT7Aj8lCYp7at6BI="></latexit>

g(a) = D(a)/a

<latexit sha1_base64="E7uTTCM9bxmJ9bFngLJ9uu7Z/Ns="></latexit>

PL(k|z)
<latexit sha1_base64="1M/goinmGpcwk4/C48iiOXyZ70Y=">AAACC3icdVDLSsNAFJ34rO9ol24Gi+CqZET72BXc6K5Cq0ITymR62w7OJGFmIoTQT/Ab3Oranbj1I1z6J05qBSt64MLhnHu5954wEVwbz3t3FhaXlldWS2vrG5tb2zvu7t6VjlPFoMtiEaubkGoQPIKu4UbATaKAylDAdXh7VvjXd6A0j6OOyRIIJB1FfMgZNVbqu2U/lLnfGYOhk37uK4lh0ncrXtXzPEIILgip1zxLms3GMWlgUlgWFTRDu+9++IOYpRIiwwTVuke8xAQ5VYYzAZN1P9WQUHZLR9CzNKISdJBPj5/gQ6sM8DBWtiKDp+rPiZxKrTMZ2k5JzVj/9grxL6+XmmEjyHmUpAYi9rVomApsYlwkgQdcATMis4Qyxe2tmI2poszYvOa2hLLI5Ptx/D+5Oq6SWvX08qTSupilU0L76AAdIYLqqIXOURt1EUMZekCP6Mm5d56dF+f1q3XBmc2U0Ryct09ewZvS</latexit>
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